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1. Introduction

Current-mode control has been used for PWM converters for over twenty years.
Despite this, there has yet to be a simple, accurate model that can predict all of
the phenomena of current-mode control, and still be useful for design insight.
Many variations of average analysis techniques have been presented which pre-
dict some of the observed low-frequency effects, but the models fail to
provide accurate analysis at high frequencies. Accurate high-frequency
modeling is es-pecially important for current-mode control since the most
popular implementa-tion used today has an inherent instability at exactly half the
switching frequency. This is easy to explain with pictures of circuit waveforms,
or simplified discrete-time analysis, but the effect has not been incorporated

into the average small-signal models.

More complex analysis techniques have been applied in the past, but although
they could provide accurate modeling, their complexity prevented their

wide-spread use by the engineering community.
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This dissertation is an effort to provide a new small-signal model for current-
mode control which is as easy to use as simple average models, but which
pro-vides the accuracy required from sampled-data analysis. Approximations
are applied to provide reduced-order models for the high-frequency analysis, and

this results in very simple expressions which can be used for analysis and design.

1.1 Dissertation QOutline

Chapter 2 of this dissertation reviews some of the many possible implementations
of control schemes where the inductor current is part of the feedback process. The
type of control analyzed here uses the instantaneous value of the inductor current
once in every switching cycle to control either the turn-on or the turn-off of the
power switch. Four modulation schemes are addressed, including the most
commonly-implemented control where a clock is used to turn on the power
switch, and the modulator compares the current signal to a control signal to turn

off the switch.

The PWM switch model is an integral part of the new current-mode control
model. In this work, a philosophy is taken that the power stage itself is not
changed by the presence of a feedback circuit. The small-signal model for the
power circuit does not change with current-mode control, and all of the open-loop

power stage transfer functions can be extracted from the model. The duty cycle
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remains as a variable which can be observed. All of the effects caused by
current-mode control are accounted for by a new control-circuit model which is

then connected to the existing power stage.

The final section of Chapter 2 reviews some of the existing small-signal
models for current-mode control. The essential differences in the approaches are
pointed out, and transfer functions are presented to show where some of the
average models break down. Early sampled-data modeling is referenced since
this approach was started before but never completed due to its apparent

complexity.

The high-frequency modeling techniques that are needed for the current-mode
system do not need to be applied to the complete power stage. There is no benefit
in involving slowly-varying states in the sampled-data modeling process at all,
since analytical results cannot then be extracted. Chapter 3 identifies the
current-mode cell of all PWM converters that use current-mode control. The
slow filter states surrounding the controlled inductor current are fixed, and
sampled-data analysis is performed on the resulting first-order system. This pro-
vides a compact expression for an equivalent sampling gain term which can be

placed in the feedback model.

In Chapter 4, the sampling gain term is approximated by a simple second-order
expression. The slowly-varying states surrounding the current-mode cell are then
allowed to interact with the sampled-data model, and the derivation of two ad-

ditional gains completes the new current-mode model. Converters which operate
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in the discontinuous mode are also addressed in this chapter, and it is shown that
no sampled-data modeling is needed. The model of the power stage is coupled

with just one feedforward gain to provide the DCM model.

The results of the new current-mode model are applied to some examples in
Chapter 5. A buck converter was selected since it has some of the most interesting
characteristics with current-mode control.  Approximate analytical transfer
functions are derived for the converter and it is shown that the best model for the
control-to-output-voltage transfer function is third-order. This is a significant new
result which explains why previous two-pole or single-pole average models
could never give satisfactory results. Predictions of the new model are
confirmed with experimental measurements for several different modes of

operation. Simple equations are provided to help with the design of the feedback.

Conclusions are presented in Chapter 6. For those readers who wish to extract
the fundamentals of this dissertation, and use the results without reading the
whole work, a concise summary of the new current-mode model is provided
in Appendix A. All of the parameters derived in the dissertation are provided
to allow application of the model. Appendix B is provided to show how the
new model can be easily implemented into PSpice, a circuit analysis program. A
sim-ple invariant subcircuit is given which can be used for the simulation of
the small-signal characteristics of PWM circuits using either voltage-
mode or current-mode control. These two appendices, coupled with the design

insights of Chapter 5, provide the reader with immediately useful design tools.
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2. Review of Existing Models

2.1 Introduction

There are many different control schemes which use the inductor current signal
in one way or another to control the power converter, and all of these could be
defined as current-mode control. Some of the different implementations
which have been used in the past are described in this chapter. The specific
control schemes which are the most widely used today, and which have eluded,
accurate and simple modeling in the past, are addressed. The instability which

can exist in the current feedback loop is presented.

A brief review of power stage modeling using the three-terminal PWM
switch model is given. This provides a simple power stage model which allows
compar-ison of existing analysis techniques and which 1s used as part of

the new current-mode control model.
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Finally, this chapter presents a brief summary of existing modeling techniques for
current-mode control which have been used in .the past. The shortcomings of av-

erage models in the high-frequency domain are shown.

2.2 Implementations of Current-Mode Control

There are many different ways to use the inductor current of a converter as part of
the feedback mechanism and control system. Different forms of current mode
control can be found in references as early as 1967 [1]. This dissertation addresses
the analysis of a subset of the many different implementations of current-mode

control.

Prior to current-mode control, the most common control circuit for PWM con-
verters used voltage-mode, or single-loop control. Fig. 2.1 show the most popular
implementation of this control. A fixed-frequency clock is used to turn on the
power switch of the PWM circuit. At the same time, a sawtooth ramp, with slope
S., 1s initiated, and this ramp intersects a control voltage, v., to terminate the

on-time of the power switch. The sawtooth ramp is reset to zero at the end of the
switching cycle. Many different integrated circuits are available to provide this

control function for PWM converters.
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Figure 2.1. Buck Converter with Voltage-Mode Control: The duty cycle control
intersecting a control

signal is provided by a sawtooth ramp
voltage threshold. The model for this control system is well represented

by existing average techniques, provided that the control signal is
continuous.
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In the late sixties and early seventies, there was a strong motivation to use
naturally-occurring waveforms in a power circuit to generate control functions.
Integrated circuits for control were not available, and the use of discrete circuits
and low-level integrated circuits became very complicated. A patent issued in
1967 to Gallaher [I] describes a circuit using only a comparator and a Schmitt
trigger to control the switching of a buck converter. Ramp waveforms provided
by the de and ac inductor current signals provided hysteretic control of the con-

verter.

The general implementation of hysteretic current-mode control is shown in Fig.
2.2. The inductor current waveforms are used to control both the turn-on and the
turn-off of the power switch of the PWM converter. The advantages of this kind of
circuit are apparent: no clock or timing function is needed, and the current level
is controlled between two limits. Although this implementation was popular before
control circuits became available, its variable switching frequency, and the need to
sense the inductor current during both the on- and off-times of the power switch
have restricted its use today. This circuit does not have any problems with
instability of the current-feedback loop, and it is not analyzed in this dissertation. A
small-signal model was presented in [2] which predicts the essential dynamics of

the system.

A patent issued in 1972 to Schwarz [3] describes a technique for generating digital
control waveforms, such as those needed for a switching converter, by integrating

naturally occurring analog waveforms in a power circuit. The original implemen-
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Figure 2.2. Buck Converter with Hysteretic Current-Mode Control: A control sig-
nal is used with a hysteresis band to determine the turn-on and turn-

off times of the switch. No external clock or ramp is needed. This
approach is not analyzed in this dissertation.
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tation of this was for resonant converters. This technique was applied to PWM
converters in [4], where the voltage across the inductor is integrated to provide a
control waveform. Fig. 2.3 shows the implementation of this control scheme for an

example buck converter.

The modulator for this circuit is very similar to that for voltage-mode control.
The modulator ramp is implemented with the current signal obtained by itite-
grating the inductor voltage. For constant-frequency modulation, an external
ramp is still used in the modulator to prevent instabilities inherent in this system. This
is discussed later in this chapter. The circuit implementation used in this figure
later became known as the "standardized control module" (SCM) imple-mentation
since its form is the same for any topology PWM converter. The con-trol scheme
provides all of the benefits of current-mode control except for current limiting and
current sharing between parallel modules. The de information about inductor and
switch current is lost in the control scheme. However, it does pro-vide some
advantages in terms of signal-to-noise performance, and this is dis-cussed in

[5-6]. The control scheme is still used by many people.

The most common form of current-mode control was published in a paper by Deisch
in 1978 [7]. The basic elements of this control scheme, commonly called "current-
injection control" (CIC), are shown in Fig. 2.4. The active switch cur-rent is sensed
instead of the inductor current. The switch current is equal to the inductor current
during the on-time, and the effect is the same as if the inductor current were sensed

directly. The advantage of sensing the switch current is that

2. Review of Existing Models 10
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Figure 2.3. Buck Converter with "SCM" form of Current-Mode Control: A signal
proportional to the inductor current is derived by integrating the
voltage across the filter inductor. This approach provides
a continuous current signal during on- and off-times of the switch, but
dc information is lost.
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a current transformer can be used, providing a large signal without the significant

power dissipation that would be encountered with a current-sense resistor.

Both the SCM and CIC implementations of current-mode control are identical in
terms of their small-signal performance. The fact that the SCM control does not
carry de information is due to integrator offsets and nonlinear limits on the
inductor-voltage integration process. Both of the control schemes sense the
inductor current, scale it with some arbitrary gain, referred to in this dissertation
as R;, and use the signal as part of the modulator. Fig. 2.5 shows the current-
mode modulator removed from the specific converter. With SCM control, the
current-sense waveform is continuous. With CIC control, the current during the
off-time of the power switch can be reconstructed, if necessary, by sensing the

current through the passive switch of the circuit.

Many different modulation strategies can be implemented where the inductor
current 1S used. The most commonly-used approach is to use a constant-
frequency clock to turn on the power switch, and use the intersection of the cur-
rent signal plus the external ramp with the control voltage signal to turn off the
power switch. This modulation strategy is shown in Fig. 2.6a. It is sometimes re-

ferred to as constant-frequency, trailing-edge modulation.

Another constant-frequency modulation scheme uses a clock signal to turn off the

power switch, and the inductor current to provide the turn-on signal. The
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Figure 2.4. Buck Converter with ""CIC" form of Current-Mode Control: In this
scheme, the inductor current is sensed by a current transformer in
series with the power switch. The current information is only
available during the on-time of the switch. The de information of the
current is preserved in this approach, providing inherent current
limiting and current sharing of multiple modules.
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Figure 2.6. Different Modulation Schemes for Current-Mode Control:
are shown in this figure.

many possible modulation

Constant-frequency control with a clock initiating the on-time of the

power switch is the most commonly-used approach.
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waveforms for this scheme are shown in Fig. 2.6b. This modulation scheme re-
quires inductor current information during the off-time of the power switch, and
can only be implemented with SCM control, or with CIC control if the diode
current is sensed. The modulation strategy is the dual of the other constant-
frequency scheme, and is analyzed in this dissertation by default. The control

scheme is sometimes referred to as constant-frequency, leading-edge modulation.

The controller does not need to be run at constant frequency. A modulation
scheme can be used where the off-time of the switch is fixed with a timer, and the
switch is turned off with the modulator current signal. This is referred to a con-
stant off-time control, and the waveforms for the specific implementation ana-
lyzed in this dissertation are given in Fig. 2.6c. There are many different ways
to implement variable-frequency modulation schemes, and many of these are

commonly used in communication theory [8,9].

The final form of current-mode control analyzed is the dual of constant off-time
control, and shown in Fig. 2.6d. The power switch is turned on for a constant
period, and the turn-on instant is governed by the modulator, using the current
ramp. Like the constant-frequency, leading-edge modulation scheme, this control
is more difficult to implement and not commonly used, but it is analyzed for

completeness.

In 1977, a patent was issued to Hunter [10] for a control scheme where the switch

current waveform was integrated. Such low-pass filtering was recently discussed

2. Review of Existing Models 16



in [11] in light of power-factor correction circuits, and some of the advantages of
the scheme were presented. This type of control falls into a class referred to here
as "average" current-mode control, where the controlled current is processed by a
low-pass filter. The scheme is conceptualized in Fig. 2.7. If sufficient filtering is
used, so that the filtered current waveform does not have any significant ripple,
average current-mode models can be used for analysis. The class of control be-
comes interesting when the filtering is less, and the switching ripple is still cém-
parable to the external ramp size, but the analysis of this is beyond the scope of

this dissertation.

2.3 Power Stage Modeling with the PWM Switch

Before reviewing existing current-mode models, it is important to review the
modeling of the power stage of PWM converters. Traditionally, this analysis has
been done through the technique of state-space averaging [12-14]. However,
a recent advance in converter modeling was presented in [15] to greatly simplify
the analysis procedure. An accurate and elegant circuit model results which is
in-variant for all PWM converters where a common nonlinear switching

function can be defined.

Fig. 2.8 shows the commonality of the three basic PWM converters. In each of

these converters, the nonlinear switching action can be confined to a three-
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Figure 2.7 '"Average" Current-Mode Control:

The sensed inductor current, or
switch current, is processed by a low-pass filter. Ifthe filtering is suffi-

cient, average models work well for this scheme. This is not analyzed in

this dissertation.
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terminal circuit element containing the power switch and diode. The connection of
the element at the power switch is referred to as the active terminal, and the
connection at the diode is referred to as the passive terminal. The third terminal,
which is connected to both switches, is referred to as the common terminal. The
orientation of the diode will depend upon the de conditions of the external circuit, but
this does not affect the modeling. The definition of the polarities of the com-mon
current and terminal voltages will account for the orientation. The identifi-cation of
this invariant structure greatly simplifies the small-signal analysis of the power stage,
and Vorperian showed in [15] that it is unnecessary to carry the ex-ternal states of the

converter into the analysis.

The result of the PWM switch analysis is a simple equivalent small-signal model
which replaces just the nonlinear switching elements of the PWM converter. The
simple form of the PWM switch model is shown in Fig. 2.9. The sources of the
switch model determined by the steady-state inductor current, 1., out of the
common terminal, the steady-state duty cycle, D, and the steady-state voltage
across the active-to-passive terminals, V,,. These quantities are easily determined by
the de conditions of the power stage. More elaborate versions of the switch model
were presented in [15] to include discontinuous waveform effects, and storage-
time modulation. The differences in the model are not significant for the purposes of
this dissertation, but readers wanting to use these models can incorporate these

enhancements into the new current-mode model with good results.
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Figure 2.8. Basic Converters with Switch Definitions: An invariant nonlinear block

can be identified for most PWM converters. The terminal with the
controlled switch is called the active terminal, the diode is
connected to the passive terminal, and the inductor is connected to
the common terminal. The diode orientation will change according to
the polarity of the common terminal current.
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Figure 2.9. PWM Switch Modelfor Continuous-Conduction Mode: This invariant

model replaces the nonlinear switching block in the PWM converters
to provide a simple, convenient small-signal model.
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The small-signal switch model is simply substituted into the PWM converter with
its terminals appropriately oriented. A most attractive feature of the PWM
switch model, compared to previous circuit models, is that it preserves the original

circuit structure and component values. Only the switching elements are replaced.

When the circuit operates in discontinuous-conduction mode, a different small-
signal results for the three-terminal PWM switch. The form of this model is
shown in Fig. 2.10. As with the continuous-conduction model, the sources and
components of the small-signal equivalent circuit are determined from the
steady-state circuit values. It is important to point out that the notation of the
DCM model has been changed from the original g-parameter model presented in
[15]. Changes have been made to provide a model with consistent units and

component names which can be used directly in circuit modeling tools.

2.4 Existing Models for Current-Mode Control

The control schemes analyzed in this thesis have a specific problem that has
caused great difficulty in the past in small-signal modeling for constant-frequency
control. With no external ramp added to the control, the current in the circuit
can oscillate at half the switching frequency. This problem is illustrated in Fig.
2.11. With trailing-edge modulation, and duty cycles less than 0.5, the oscillations

decay. At duty cycles greater than 0.5, the oscillations grow larger until a limit-
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Figure 2.10. PWM Switch Modelfor Discontinuous-Conduction Mode: This invar-

iant model replaces the nonlinear switching block in the PWM convert-
ers which operate in the discontinuous conduction mode. The
notation used in this dissertation is consistent with units and PSpice
circuit modeling, described later. The notation is different from the

original g-parameter model presented in [15], and shown in the lower
circuit.
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cycle mode is reached. Such a mode of operation is undesirable in a power

converter.

Average models are usually used for the analysis of current-mode systems. The
structure of these models is shown in Fig. 2.12. The power stage can be modeled
by state-space averaging, or with the PWM switch model. The inductor current
feedback is modeled with a simple gain term, R, which is simply the
current-sensing gain of the circuit. Differences in particular models arise in
the derivation of the gain of the modulator, F,, and in the presence of

feedforward gains from the input and output voltages to the duty cycle.

One of the earliest models was developed by Lee in [16] to provide a
model for SCM control. This particular model had no feedforward terms, and an

interesting form of the modulator gain:

2
Fn = (5,—5, 25T, 2.1)

where S, is the magnitude of the slope of the sensed current ramp used by the
modulator during the on-time of the switch, S is the magnitude of the slope of
the sensed current ramp during the off-time of the switch, and S, is the slope of
the external ramp added to the modulator. This modulator gain has the charac-
teristic of becoming very large as a duty cycle of 0.5 is appfoached when no ex-
ternal ramp 1s added to the system. This modulator model was also used in [5,6],

resulting in some incorrect design observations in regard to external ramp effects
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Figure 2.11. Instability Observed with Constant-Frequency Controller:  With fixed-
frequency control, and the clock initiating the on-time of the active
switch, the closed current loop exhibits oscillatory behavior at half the
switching frequency. This oscillation is damped at duty cycles below 0.5,
and grows with larger duty cycles.

2. Review of Existing Models 25



O< >

. ¢ ---- ;
! '
: R !
| c :
\ R !
: ——C !
|
| I
i [}
i ® :
: ]
1 i
1 i
' Y :
\ R, !
] | !
. I
i [}
!
! i
! '
: i
I
I
!
|

O<>

Figure 2.12. Average Current-Mode Control Models: The PWM switch is used to
generate the power stage model. There are no frequency-dependent
terms in the feedback of the inductor current. Some average models in-
corporate feedforward terms from input and output voltages.
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in [5]. It was suggested in [5] that the addition of a small external ramp to a
system would change the crossover frequency of the current loop by an order of
magnitude, eliminating many of the benefits of current-mode control. It will be
shown in this dissertation that the current-mode system is not this sensitive to
external ramp addition, and the benefits of current-mode control can be signif-

icant even with a large external ramp.

A second popular approach to analyzing the current-mode system was
presented in [18] by Middlebrook. In this model, the presence of feedforward
terms was shown. The importance of these terms will be shown in Chapter 5
where the new current-mode model, which also has feedforward terms, is
applied to some specific converters. The modulator gain for the models in [18§]

was found to be:

2
F =
" (S, +2S,)T,

(2.2)

This gain is significantly different to that of Eq. (2.1), especially when no external
ramp is used. With a large external ramp added to the modulator, both of the
gains of Egs. (2.1-2.2) become the same. A third model, given in [20] finds

the modulator gain to be:

1

F=— .
RGN -

The importance of these different modulator gains, and the explanation for the

apparent success of these diverse models will be presented later.
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All of the models have a common feature. With a reasonably-sized external ramp,
the inductor current feedback loop has a high crossover frequency. At frequencies
well below the crossover frequency, the inductor current of the models can then
be assumed to behave like a current source, and the inductor current is eliminated as
a state in some models. With this assumption, a simple circuit model can be
derived which predicts the dominant-pole behavior of the current-mode system.

This circuit model is shown in Fig. 2.13.

Most other popular modeling approaches [21-26] follow the average model deri-
vations with minor deviations, and arrive at models which have both power stage
states with feedback of the inductor current, or a reduced power stage with the
inductor current eliminated. A recent paper [27] reexamined work done in [18] to

again derive a single-pole model after modifying some of the analysis.

The lack of a single current-mode model which is used universally is due to the
simple fact that none of the average modeling techniques described here can ad-
equately explain the phenomena observed with current-mode control. Of course, it
i1s unreasonable to expect that a model which averages circuit waveforms could
accurately predict all of the phenomena which occur in a current mode system
where the instantaneous value of a state is used for control. In particular, the
oscillation which can occur at half the switching frequency could not possibly be
accurately accounted for with an average model. Average models are usually
supplemented with an explanation of circuit waveforms to show how an external

ramp could be added to avoid the instability, but the effect is not incorporated
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Figure 2.13. Simplified Average Current-Mode Control Model: Many previous
modeling approaches assume that the current loop has sufficient
gain and high enough crossover frequency to allow the low frequency
model to be reduced to a single-pole model, without the inductor
current.
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into the small-signal model. An observation made in [24] touched on the nature
of the problem: the instability observed is characteristic of a system with high-Q
second-order poles. The accuracy of this observation will be seen later in this

dissertation.

Recognizing the shortcomings of average models to predict the instability of
current-mode control, Brown [28,29] applied sampled-data techniques to analyze
the problem more rigorously. Continuous-time expressions were found for a buck
converter, with the output capacitor replaced with a voltage source, as shown in
Fig. 2.14, and the instability in the current loop was demonstrated. (The analysis
was actually done for the buck converter with the output capacitor state included,
but analytical results were found for the high-frequency region only, where the
capacitor can be considered to be a short circuit.) However, even this reduced-
order model was thought to be too complex for analytical insight, and the tech-

nique was abandoned in favor of discrete-time analysis.

Other researchers have also applied discrete-time analysis to the problem [30-32],
using numerical techniques | to produce transfer function bode plots.
Fourier analysis techniques were applied in [33-34] to allow computers to plot
transfer functions beyond half the switching frequency, but none of these

techniques provide the analytical design insight required for good design.

Averaged models described above have been used with some degree of success in

the past, which may seem surprising considering the differences in some of the
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Figure 2.14. Sampled-Data Modeling Approach: A simple buck converter was
modeled at high frequencies using sampled-data techniques. This was
able to explain some of the phenomena of current-mode control, but the
complexity ofthe modeling led researchers to abandon this technique.
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models. Fig. 2.15 shows an example transfer function of two of the average
models, [16] and [18], compared with the sampled-data model of [29], and meas-
ured data. At low frequencies, all of the models agree well with measurements.
However, approaching half the switching frequency, the average model pred-
ictions differ significantly from the measured results. The measurements shown

are for a constant-frequency converter operating with a duty cycle of 0.45.

Fig. 2.16 shows the measurement of the current feedback loop, 7;, as defined
in Fig. 2.12. This transfer function clearly shows the differences in the models
due to the different modulator gains given in Egs. (2.1-2.2). Both the average
models show a gain which is higher than the measured gain, and both models
predict that the current loop can have a crossover frequency in excess of half
the switching frequency. This is in conflict with Nyquist criteria for sampled-data
systems. The model of [18] shows a 6 dB discrepancy from measurements
when no external ramp is used. The discrepancy of the model of [16] can be

much larger without an external ramp at duty cycles close to 0.5.

The apparently severe mismatch of the measurements and predictions of the
current loop gains, however, have not prevented use of these models. This can be
explained by the fact that the control-to-inductor current transfer functions, and
the control-to-output-voltage transfer functions, contain the modulator gain of
the model in both forward gain, and feedback gain paths. These transfer func-

tions are of the form:
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Figure 2.15. Predictions of Control-to-Inductor Current Transfer Function: The
control-to-inductor-current transfer function is plotted here for two of
the average models, [16] and [18], and the sampled-data model of
[29]. The significant deviations of the average models and the observed
results at halfthe switching frequency are apparent.
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Figure 2.16.  Predictions of Current-Loop Gain Transfer Function:  Significant dif-

ferences in measured results and predictions of two averaged models are

shown here. Notice that both of the average models would indicate that
the  current-loop  crossover  frequency  can  exceed  the
Nyquist frequency of the system, yet still remain stable, a violation of
basic Nyquist principles.
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where F,is any power stage transfer function of interest and Fj, is

the duty-cycle-to-inductor-current transfer function. At frequencies where the
gain of the current loop is higher than unity, any errors in the predictions
of the modulator gain are cancelled. This explains why the current loop
gains Fig. 2.16 have significant errors, but the closed-loop gains of Fig. 2.15

are in good agreement at low frequencies.

2.5 Conclusions

There are many different ways to implement current-mode control, and some of
these have been described in this chapter. This dissertation provides a new
small-signal model for the common implementations of current-mode control
where the instantaneous inductor current is used as part of the modulator. Four
common modulation schemes will be analyzed, two with constant-frequency
control, and two with variable-frequency control. Two of the schemes, constant-
frequency with trailing-edge modulation and constant off-time control, will be
analyzed in both continuous-conduction mode and discontinuous-conduction

mode. The other two, constant-frequency with leading-edge modulation and

2. Review of Existing Models 35



constant on-time control, are analyzed for continuous-conduction mode only,

since these control schemes cannot operate in discontinuous mode.

Converters with constant-frequency control can be unstable when the
current-loop is closed. This is easy to explain qualitatively from circuit waveforms,
but the effect has not been incorporated into a simple small-signal model.
When the model of this dissertation is developed and applied, it will become
apparent why the average techniques failed to accurately model the system, and
why this effect needs to be modeled properly. The instability that is observed
is not an effect that suddenly appears for certain circuit conditions. The
oscillations gradually become less damped approaching the instability point, and
it is important to have an accurate model for all conditions. The underlying
cause of the instability affects the system performance well before the system

becomes unstable.

The three-terminal PWM switch model was reviewed briefly for
continuous-conduction mode and discontinuous-conduction mode. This simple

circuit model 1s used as a central part of the new current-mode model.

Finally, it was pointed out that widely-used models from Middlebrook and Lee

have significant variation from each other, and there are large discrepancies in the

current-loop predictions compared to real-world measurements.
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3. Discrete and Continuous-Time Analysis of
Current-Mode Cell

3.1 Introduction

Fig. 3.1 shows schematics of the basic two-state PWM converters operating with
current-mode control. The sensed current waveform is added to an external ramp,
and the peak (or valley) of the waveform is compared to a control signal to turn
off (or turn on) the power switch. For the purpose of this chapter, perturbations of
input and output voltage will not be considered, and only the current-mode
portion of the circuit is analyzed. Fig. 3.2 shows the basic converters with the
input and output voltages represented by fixed sources. All of these converters

have a commonality.

3. Discrete and Continuous-Time Models of Current-Mode Cell 37



When the switch is turned on, the dc voltage V,, is applied across the inductor.
When the switch is turned off, the dc voltage ¥, is applied across the inductor.
The generic current-mode cell, shown in Fig. 3.3, therefore represents all of the
converters with current-mode control. For the buck-boost converter only,
the input and output voltages are equal to the on-time voltage and off-
time voltages, respectively. In general, the on-time and off-time
voltages are linear combinations of input and output voltages to the current-

mode cell.

Analysis of this reduced block is analogous to the analysis of the PWM switch
block where only the nonlinear elements of the circuit are extracted and replaced
with their equivalent small-signal model. Sampled-data analysis will be used for
the analysis of the current-mode block, and the results will provide a model which
can be inserted into the full converter. This will be done in a later chapter, and

feedforward terms will be introduced to complete the small-signal model.

It has been shown that the switch model provides accurate power stage
transfer functions up to half the switching frequency. Referring to Fig. 3.1, it is
apparent that the structure of the basic single-loop converter still exists when
current-mode control is used. The converter is still controlled by a duty cycle
input, d, and still produces average outputs from the states. The role of the
switch model and modulator gain remain unchanged with current-mode control.
The fundamental difference from average control methods, where switching
frequencies are re-moved by filtering, is that current-mode control uses an

instantaneous value of
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the inductor current. This introduces phenomena unique to current-mode control

which should be accounted for by a revised model of the current feedback.

Fig. 3.4 shows the structure of the small-signal model for the current-mode cell.
The modulator gain, F,,, PWM switch model, and linear feedback gain, R,
are the same as they would be for any average control methods. Transfer
functions can be experimentally verified for these portions of the model. A
gain term, H,(s), is included in the feedback loop of the inductor current.
This block will be used to provide the accurate model for current-mode
control where the instantaneous value of current is used for control. Another
gain block, F,, is in series with the control voltage to provide flexibility for
the. model to represent different modulation schemes. For constant-frequency
modulation, this gain is unity. The voltage sources of Fig. 3.3 become

short circuits in the small-signal model since these sources are fixed.

The purpose of this chapter is to find the form of H.s) and F. for
constant-frequency, constant on-time, and constant off-time control. The gain
H.(s) will first be found indirectly by deriving the sampled-data expression
for control-voltage-to-inductor-current with the current loop closed, for
constant-frequency control. All quantities in the circuit are known except
He(s), which can then be solved for. It will then be shown that the simple
form of He(s) can be derived directly from a discrete-time system representing

the modulator feedback.
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Constant on-time and off-time control systems have an added complexity of a
modulator gain with frequency-dependent phase characteristics. The model for
these control systems will be derived by showing their similarity to constant

frequency control with the appropriate external ramp in the modulator.

3.2 Discrete-Time Analysis of Closed-Loop Controller

Fig. 3.5 shows the operation of the constant-frequency, current-mode controller,
with the clock initiating the on-time, and the sampled control signal ending the
on-time. The sampling instant for the system is at the end of the on-time since
this 1s when the control signal, v., is used. The current-ripple is not assumed to
be small, but the constant input and output voltages of the current-mode cell

ensure that the slopes of the current are constant. (Linear ripple.)

Fig. 3.5 shows the effect of a small perturbation ’;'L(k) occurring at time ¢ =k,
assuming that other input perturbations to the system are zero. This gives the
natural response of the converter. The difference in the steady-state waveform
and the perturbed waveform gives the exact small-signal perturbation shown in
Fig. 3.5b. Notice that in this waveform, the sampling instant is not constant, but
it is shifted by a small amount each time the the current intersects the control
reference. However, this small-signal perturbation can be approximated with in-

significant loss of accuracy by the waveform of Fig. 3.5c. Notice that this final
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accurate current-mode analysis will be performed on the current-mode
control converters with fixed voltages at the input and output. In a later
chapter, perturbations in these voltages will be modeled to complete the

analysis.
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Figure 3.3. Generic Current-Mode Cell: The generic cell represents all of the con-
verters with current-mode feedback. The input and output voltages
are now the quantities V,, and Vo which are combinations of the
input and output voltages of the different PWM converters.
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Figure 3.4. Small-Signal Model of the Current-Mode Cell with Fixed Voltages:

Gain blocks H.(s) and F, will be used to model all of the
phenomena observed for the current-mode cell of Fig. 3.3. Other
quantities in the figure remain the same as predicted by average analysis.
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Figure 3.5. Constant-Frequency Controller with Current Perturbation:

The inductor-current waveform is controlled by a fixed reference, Ve,
summed with an external ramp, S., Steady-state waveforms are shown with solid

lines. A perturbation ?L(k) is introduced at time t =k, and the dashed
lines show the propagation of the disturbance over subsequent cycles.

Fig. b shows the difference between the steady-state and the perturbed
waveforms, giving the small-signal perturbation.

Fig. ¢ shows the approximate small-signal perturbation to a pure discrete-
time system.
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waveform has the characteristics of a familiar first-order sample-and-hold system,
with a constant sampling interval, 7. (The original waveform had a sampling

period of t;=T; + ?s, and the perturbation in switching times produces products of

small-signal terms which can be ignored.) This is discussed in more detail
in [38]. The perturbation introduced at time # = k is held constant until the
next sampling instant. The difference between the exact waveform and. the
approximate waveform is the finite slope of the exact waveform. For small-

signal per-turbations, this difference is insignificant.

The first step in analyzing such a system is to derive the discrete-time equation
describing the change in inductor current from one sampling instant to the next.
In the discrete-time domain, the natural response of the approximate waveform

of Fig. 3.5¢c is given by
i (k+1)=—oi, (k) 3.1)
where, with the clock initiating the on-time,

S, -8,
a:
S +8S,

(3.2)

and

S, = Magnitude of slope of control ramp during on-time
S = Magnitude of slope of control ramp during off-time

S, = Slope of external ramp

3. Discrete and Continuous-Time Models of Current-Mode Cell 46



S
For the case where no external ramp is added, S, =0, and « = S—f . The on- and
n

off-time slopes are equal at a duty cycle of 0.5, and the value of ais one. At higher
duty cycles than 0.5, ais greater than one. This represents a growing oscillation at
the Nyquist frequency, and the current perturbation oscillates about the steady-
state condition on alternate switching periods. This is the well-known

subharmonic oscillation problem.

Eq. (3.1) also models a constant-frequency control scheme where the clock initi-
ates the of/-time, and the control voltage initiates the on-time. For this control

scheme, ais given by:

— S}? B S(’,

o =
S, +8S,

(3.3)
This type of control also demonstrates an instability, in this case occurring for

duty cycles /ess than 0.5.

The forced response of the constant-frequency controller is shown in Fig. 3.6. The
control voltage is perturbed by 7,. Notice that the value of the control voltage at
time ¢ = k produces a change in the inductor current at time ¢ = k. (Note:
the theory for such systems is derived for perturbations in ¥, occurring at
any time. However, the discrete-time equation is always derived with the
perturbation at time 7= k. A standard continuous-time transformation [35]

models the continuous-time disturbance.)
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Figure 3.6. Constant Frequency Controller with Control Perturbation:

The control voltage v¢ is perturbed at time t=k, resulting in an

inductor current perturbation which is held constant for one cycle.
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The discrete-time equation for the forced response is then given by:

ij(k+1)=%(1+a)\7€(k+1) (3.4)

1

Combining Egs. (3.1) and (3.4), the complete discrete-time response is

iZ(k+1):—ociZ(k)+R%(1+0t)‘Z(k+1) 3.5)

1

3.3 Continuous-Time Model of Closed-Loop Controller

Computer-controlled systems are used extensively and they have been thoroughly
analyzed [35]. A computer-controlled system, which typically consists of an A-D
converter, discrete-time algorithm, D-A converter, and the continuous- time
system which is being controlled, is shown in Fig. 3.7. Current-mode control has a
very similar structure. The control voltage is naturally sampled once in every
cycle, and the perturbation in the inductor current is held constant until the next
sampling instant. The ‘holding' effect of the current is clearly shown in
Figs. 3.5-3.6. The discrete-time process, H(z), is simply the z-transform

of Eq. (3.5), given by:

~

Hzn=-23D _Lq,

1 z
v.(z) R z+a

(3.6)
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In order to understand and design the current-mode system properly, we now wish
to transform back into the continuous-time domain. Fortunately, current-mode
control is just a specific case of the general problem of computer-controlled
systems as shown in Figure 3.7, and the transformation is a standard process. The
transformation from the z-transform representation of Equation 3.6 to the

continuous-time representation of the sample-and-hold system [35] is given by

F(s)= H(e™) SLT (1-eT)

s

(3.7)

In other words, we substitute ¢'’* for z in Eq 3.6, and multiply by the expression

1 T : .
—T(1 —e) as explained in [35].

N

For current-mode control, therefore, the exact, continuous-time, control-voltage-

to-inductor-current transfer function, with the current loop closed, is

i(s) 1 (+a) " -1

F(s)=
() VC(S) Ri ST; el +a

(3.8)

This transfer function now predicts exactly the characteristics of the current-
mode cell and it is accurate at frequencies well beyond the switching

frequency. However, it is seldom used because of its complexity [28,29].
A new, approximate representation of Eq. (3.8) will be developed in the next

chapter, producing very accurate results up to half the switching frequency.
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Figure 3.7. Standard Configuration of a Computer-Controlled System: The small-
signal representation of the sample-and-hold system is shown, and the
analogy with current-mode control is illustrated. The analytical results
for computer-controlled systems are directly applicable to current-mode
control.

3. Discrete and Continuous-Time Models of Current-Mode Cell 51



3.4 Continuous-Time Model of Open-Loop Controller

The closed-loop, continuous-time model of the current-mode controller has been
found. What is desired, however, is the open-loop model from which the ex-
pression for H,(s) can be found. This can be found from the control-voltage-to-
inductor current transfer function found in Eq. (3.8), and from the current-mode

cell model of Fig. 3.4.

The modulator gain F,, in Fig. 3.4 is the same as for voltage-mode control. For
current-mode control, the ramp is formed by the sensed inductor current, and an
external ramp, S,, if constant-frequency control is used, but the modulator gain is
still modeled in the same way. The modulator gain for constant-frequency control,
with controlled on-time is given by the reciprocal of the height of the ramp that
would be obtained if the modulator signal continued with slope S, + S, until the end
of the cycle. This is the same as the modulator gain for voltage-mode control.
The fact that the ramp is derived from the current waveforms is accounted for by
feedback loop of the current, and the modulator mechanism i1s unchanged.

The gain is therefore:

1

F = .
"= (S, 4 ST, o)

This gain differs from the models [16,18] which had the problem of predicting
a current loop crossover in excess of half the switching frequency. (See

Chapter 3 Appendix for further discussion of correct choice of modulator gain.)
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The modulator gain for constant-frequency control, with the clock initiating

the off-time

1

F=— (3.10)
(Sf + Se )TS‘

For constant-frequency control with a naturally-sampled control signal there is

no frequency dependence of modulator gain or phase [36], and the gain block

F.=1.

The duty-cycle-to-inductor-current transfer function can be easily derived from

Fig. 3.4to be
P 14
Fi(s)zlf(—s)zﬂ (3.11)
d(s) sL
Recognizing that Vgp = Vac + Vp and that S, = % and Sf= : LCP , this ex-

pression can be rewritten in terms of the control signal slopes:

S +S

1
F(s)=— /
i(5) R s (3.12)
The product of the modulator gain F,, and the current gain F;(s) is then a
single expression for all converters:
I 1+a
F F(s)=—
E) R ST (3.13)
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The open-loop gain term H,(s) can now be found by equating the closed-loop
expression of Eq. 3.8 with the forward gain of Fig. 3.4 divided by one plus the

current-loop gain:

1l+a e -1 _ F F(s)
R sT. e +o 1+F F(s)RH,(s)

(3.14)

Substituting Eq. 3.13 for Fj;Fi(s), the very simple result is obtained

sT,

T
e’ —1

H (s)= (3.15)

This result was obtained by Brown [29] for the buck converter operating
in constant-frequency mode. In this chapter, the analysis is simplified

and generalized for all converters containing the current-mode cell.

The expression for H.(s) has been derived here for the general current-mode
control cell, and is not specific to one converter. It will be shown later that it can
also be extended to constant on-time and constant off-time control schemes. As
mentioned in [29], the form of H,(s) 1s difficult to work with when designing a
control system. In the next chapter, a simple second-order representation of
H,(s) will be given, capable of accurately predicting current-mode phenomena up
to half the switching frequency. This also gives a simple second-order function for
the closed-loop, control-to-inductor-current transfer function which will prove to

be the most useful for design purposes.
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3.5 Discrete-Time Analysis of Open-Loop Controller

The simple form of H,(s), and the fact that it is the same for all forms of
current-mode control and invariant with all power stage parameters except
switching frequency, suggest that it could be derived directly with very simple

arguments. Consider the modulator function shown in Fig. 3.8, with the control

voltage v. kept constant. A perturbation i;(k) is introduced at time ¢ =k. This

perturbation affects the next switching instant, causing a perturbation in the

switching time ¢(k + 1) where
ir(k)=—(S, +8)i(k +1) (3.16)

for constant-frequency control, with a clock initiating the on-time. The pertur-

bation in duty cycle is then related to the perturbed current by

?L(k)=—FL21(k+1) (3.17)

Eq. (3.17) is intentionally written in this form, with the duty cycle on the right-
hand side, and with the change in current at time # = k£ dependent upon the duty

cycle at time 7=k + 1. It has been shown that the variable 7(k) is the 'held'

variable of the system, remaining constant from time ¢ = k to time # = £ + 1. The

duty cycle d is the sampled input, being just a scalar multiple of the control
voltage, v., and the current feedback signal, i;. The correct z-transform repre-

sentation of this sampled-data subsystem is then given by the equation
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Figure 3.8. Current-Mode Control Modulator with Perturbation in Current:

A
The control voltage v, is constant, and a perturbation/\in iy is introduced

at time t = k, causing subsequent change in duty cycle d(k+1).
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i _—LZA z
ir(z) = 7 d(z) (3.18)

m

The corresponding sampled continuous-time model is

1—e %

i (s)= _ 1L e’ d (s)
F S
" g (3.19)
1 &% -1~
=—— d(s
F o sT ()

The gain block H,(s) from Fig. 3.4 and from Eq. (3.19) is then

H () =~ 2

F,ii(s)

(3.20)
sT,

T
e’s —1

Notice that gain terms containing R; appear in the expression for the current
transfer function, and the modulator gain, and these terms are cancelled. This
is the same result that was obtained indirectly in the previous part of this chapter,

confirming the analysis approach.
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3.6 Extension of Modeling for Constant On-Time or
Constant Off-Time Control

Constant on-time or constant off-time modulators are sometimes used instead of
constant-frequency modulators [37]. These control schemes can offer advantages of
low audio susceptibility, ease of implementation, or lower power stage weight.
Also, converters with this modulation do not exhibit the subharmonic oscillation
problem associated with constant-frequency control. The most commonly-used
scheme is the constant off-time modulator, since the inductor current is easily

sensed with a current transformer in series with the power switch.

There are many different schemes which can be used to provide constant on- or
off-time modulation. Fig. 3.9 shows the most commonly-used scheme for gener-
ating constant off-time control. A PWM ramp signal (the inductor current signal for
current-mode control) is started when the power switch is turned on, and this
provides the turn-off command when the ramp intersects the modulated control
signal, v.. This scheme gives an on-time pulse of varying width. The falling edge
of the PWM output pulse starts a timer which provides the fixed off-time signal.
The falling edge of the timer triggers the turn-on of the power switch. An ex-
ternal ramp 1s rarely used for constant off-time modulation, and it is not considered
here. The constant on-time controller is the dual control scheme of constant oft-

time. A timer provides a fixed on-time, and the current ramp, or PWM ramp,
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is used to turn the switch on. In this case, the valley of the inductor current not

the peak of the current, is used to control the turn on.

It is easy to show that the average gain of the constant off-time modulator is

given by

Loy = (3.21)

Notice that this is the same gain as that for the constant-frequency modulator,

multiplied by D"

The constant off-time modulator described above shows an interesting charac-
teristic. Unlike the naturally-sampled constant-frequency modulator which has
flat gain and phase [36], the constant off-time modulator exhibits a phase-lead
characteristic which increases linearly with duty cycle and with frequency. Fig.
3.10 shows the measured phase characteristics of the constant off-time modulator
for different duty cycles, and compares this with the constant-frequency

modulator with a duty cycle of 0.45.

It is important to emphasize that the exact mechanism for the generation of the
constant off-time pulse is critical in predicting the small-signal characteristics of
the modulator. There are many different timing mechanisms for the generation
of this signal, and a few of these are described in [8,9]. It is also shown in these

references that one interesting modulator actually can generate ninety degrees of
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Figure 3.9. Constant Off-Time Modulator Waveforms:

A timer is started when the switch is turned off to provide a constant off-
time pulse. A ramp is initiated when the switch is turned on, and the

intersection of the ramp with the modulation signal is used to provide the
signal to turn the switch off.
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phase lead at all frequencies. The phase lead in general for these schemes is

produced by an effective differentiation of the input signal by the modulator.

The constant off-time modulator with a duty cycle of only 0.1 gives a small phase
lead of only 10 degrees at half the switching frequency. However, this phase lead
increases to 45 degrees at a duty cycle of 0.5, and to 90 degrees at a duty cycle
of 1. The gain of the modulator, not shown in Fig. 3.10, also shows an increase
at frequencies approaching half the switching frequency at higher duty cycles, but
this effect is not modeled. This gain change is produced by sidebands of infor-
mation appearing at higher duty cycles. Exact analysis of this effect [8,9] is pos-
sible, but any incremental enhancement to the accuracy of the new current-mode

model is insignificant.

For constant-frequency control, the gain block, F,, of Fig. 3.4 was unity since
there was no frequency dependence in the modulator gain. For variable-
frequency control, this gain term is used to account for the phase dependency of
the modulator, and it will be shown that the model of Fig. 3.4 is equally valid for
variable frequency control with the appropriate values of F.. For constant off-

time, it is given by

F =ePhn? (3.22)

C

For constant on-time it is given by

F =P (3.23)
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The constant off-time modulator shows a linear phase lead,
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the

slope of which depends on the duty cycle. The constant on-time
modulator also shows a phase lead, the slope of which depends upon

the complement of the duty cycle, D' = I-D.
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These terms are approximate: at frequencies close to the switching rate, an in-
crease in gain is observed. However, these approximations are adequate for pur-
poses of the current-mode control model. Notice that the product of the gains

F. F,, gives the complete modulator gain for voltage-mode control.

The model for constant on-time and constant off-time control is best derived by
comparing the system response with that of constant-frequency control with an
appropriate external ramp. Fig. 3.11a shows the control waveforms for a
constant-frequency converter with an external ramp equal to the off-time slope
of the sensed current waveform. A perturbation in the current at time ¢ =k 1is
exactly damped out in one switching cycle. After the next sampling instant, the
inductor current returns to its previous trajectory. This system corresponds to a
'dead-beat' control scheme. The expressions of Egs. (3.1) and (3.5) are valid with
a value of « = 0. Referring to Eq. (3.6), the z-transform equation then has a pole at
the origin which corresponds to dead-beat control. The modulator gain of the
constant-frequency control, given in Eq. (3.9), for an external ramp equal to the

off-slope of the current signal, reduces to:

F =—— (3.24)

This is the same modulator gain as that for the constant off-time control, given

in Eq. 3.21).
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(b) Constant off-time

Steady-state

.......... Perturbed

Figure 3.11. Comparison of Constant-Frequency and Constant Off-Time Control:

The natural response of the current-mode controller for constant
frequency with external ramp equal to the off slope is shown with
constant off-time control. Both systems exhibit 'dead-beat' control
characteristics.
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Fig. 3.11b shows the natural response of the constant off-time controller, with no
external ramp. Like the constant-frequency controller described above, the per-
turbation from steady-state is exactly damped out after the next sampling instant.
The constant off-time modulator gain, given in Eq. (3.21) is the same as that for
the constant-frequency control with the external ramp. It is important to note
that the constant off-time system perturbations are compared to the steady-state
waveforms shifted in time to correspond to the new frequency. It was shown in
[38] that the small time shift is a second-order effect which can be ignored. The
current-loop dynamics of the constant off-time (and constant on-time) system are
the same as those for the constant-frequency control with the external ramp equal
to the off-time slope. The model of the current loop in Fig. 3.4 is valid for each
of these forms of current-mode control, with the same invariant value of the
sampling gain, H,(s), as was found previously. The phase lead term, F,, does not

appear inside the current loop gain.

An important difference exists for constant on-time and constant off-time con-
trols for the control-to-output response. Notice that the model of Fig. 3.4 contains
the gain block F.(s) which introduces a phase lead in the system. In the absence
of current feedback (R; = 0), the forward gain of the converter from control volt-
age to the output voltage is simply the modulator gain for voltage-mode control,
F.F,, times the power stage gain from duty cycle to output voltage. The
control-to-output characteristic for current-mode control must also show this

phase-lead characteristic for the model of Fig. 3.4 to be correct for variable-

frequency control.
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Fig. 3.12a shows the response of the constant-frequency control, with S.= S,
with a control input perturbation, over several cycles of operation. The
waveforms of the small-signal perturbations show the inductor current signal
changing in discrete steps (if the transition slopes are ignored), and tracking the
control signal exactly. Again, this is a feature of dead-beat control systems.
Fig. 3.12b shows the response of the constant off-time converter to the same
input perturbation. In this case, the small-signal perturbation is slightly different.
Due to the nature of the control, the perturbations in current appear as discrete
pulses that terminate before the end of the switching cycle. It is important to
note that the average magnitude of the perturbation over the full cycle is equal to

the perturbation of the constant-frequency control system.

The variations in the small-signal perturbations provide a phase lead relative to
that of the constant-frequency system. The width of the pulse with the constant

off-time control is given by

P =D'T (3.25)

At a duty cycle of zero, the pulse width is equal to that of the constant frequency
control system, and there is no phase lead. This situation is shown in Fig. 3.13a.
At close to unity duty cycle, the pulse becomes an impulse function, and the in-
formation carried leads that of constant-frequency system by half the switching
period. At half the switching frequency, this corresponds to a 90 degree
phase lead, which is predicted by Eq. (3.22).
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(@) Constant frequency

(Exact)

(b) Constant off-time

Figure 3.12. Comparison of Constant-Frequency and Constant Off-Time Control:

The forced response of the current-mode controller for constant
frequency with external ramp equal to the off slope is shown with
constant off-time control. The off-time response carries the same aver-
age information in shorter pulses of current perturbations.
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(b) Long duty cycle

Figure 3.13. Constant Off-Time Responses at Different Duty Cycles: At duty cycles

close to zero, the response of the constant-frequency and constant off-
time controls are practically identical. At duty cycles close to one, almost
90 degrees phase lead occurs at half the switching frequency with con-
stant off-time control, due to the shorter pulses of information.
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Fig. 3.14 show the perturbation waveforms of Fig. 3.13 more clearly, together
with the modulation information carried by the pulses. The shorter pulses at
duty cycles close to unity advance the information relative to that of the short
duty-cycle system, by half the switching period. An alternative way of looking at
this 1s that the duty cycle close to unity samples the input modulation signal with
impulse functions (or an approximation thereof). Impulse sampling does not in-
troduce a phase delay. However, the step-function sampling obtained with the

duty-cycle close to zero produces a phase delay equal to half the switching period,

as is well known from communication theory [8,9].

The constant off-time control scheme, therefore, shows exactly the same response
as the constant-frequency control scheme, when an external ramp equal to the
off-time slope is used, with the exception of a phase-lead of the inductor current
information, predicted by the value of F, given in Eqgs. (3.22-3.23). The constant
off-time and constant on-time current-mode schemes, therefore, are accurately

modeled by the small-signal model of Fig. 3.4.
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Figure 3.14. Modulation Information Carried by Constant Off-Time Modulator:

At duty cycles close to unity, modulation-frequency information
carried by the perturbations in the inductor current is time-

shifted by almost half the switching period relative to that carried by the
modulator at close to zero duty cycle.
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3.7 Conclusions

Several important results were derived in this chapter for the four common forms
of current-mode control. Firstly, a generic current-mode cell was derived for all
PWM converters using current-mode control. The discrete-time response of the
closed-loop control-to-inductor-current for constant-frequency control of the

current-mode cell was found to be

ij(k+1)=ﬂij(k)+%(1+a)\7€(k+1) (3.26)

1

The continuous-time representation of the system, derived from standard results

for sample-and-hold systems, is

i(s) 1 (+a) " -1
\//:(s) R sT, " +a

F(s)= (3.27)

This equation was used to derive the open-loop gain block H,.s) shown in
Fig. 3.4. This block was found to have a common form for all converters and all

four forms of current-mode control discussed in this dissertation:

sT,
T

H, (s)=—
e’ -1

(3.28)
This high-frequency gain block is sufficient to characterize the crucial
characteristics of current-mode control with constant frequency operation.
Notice that the correct form of H,(s) can only be found if the proper version of the

modulator gain is used.
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For constant on-time and off-time control schemes, it was found that a phase-
dependent term, F,, added to the model of Fig. 3.4, provides a
general model for all control schemes for the current-mode cell. (The gain

F,1s unity for constant-frequency control.)
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Chapter 3 Appendix
Resolving the Modulator Gain Issue

At the time this dissertation was first written, the importance of the modulator
gain was not stressed. It did not seem necessary to emphasize that other
researchers had made errors of any kind, it was more important to move on with
a correct model for the future. However, since the publication of the dissertation,
many more researchers have repeated errors and assumptions in their analysis,
and erroneous modulator gains have reappeared in the literature.

This confusion needs to be cleared up - you cannot have different models
simultaneously predicting different results. This is confusing for anyone entering
the field and reading the literature.

The earliest attempts at modeling current-mode control were performed at
Virginia Tech by Dr. Fred Lee, while working on NASA contracts. He used
describing function techniques for find the perturbation in the duty cycle of the
modulator with respect to the perturbations in the average current in the inductor.
The resulting expression for the gain F), is then found to be:

2
Lee's expression b, = (S —S, +28 )T, (Eq. A3.1)

Although the work by Lee provided an excellent framework for designing
current-mode systems, it did not get widespread use. It was performed on a
system that built a simple and effective observer for current-mode control, and
working engineers wrestled with the applicability of the concept.

Current-mode became widely popular after the concept of current-injection
straight into the PWM comparator was introduced. Middlebrook [18] provided
analysis in 1985 for current-injection control and his work was immediately
popular with industry. He used easy-to-understand waveform analysis to arrive
at his version of F,, which was found to be:

2
Middlebrook's expression By = (Sn 128, )Tv Eq. A3.2

The original paper by Middlebrook [18] 1s a standard reference for almost all
papers on current-mode control
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Other researchers used a different expression for the modulator gain. Vince Bello
was a working engineer in industry who produced a lot of circuit simulation
models for Spice. He observed that the comparator for current-mode control was
the same as for voltage-mode control, hence the gain should be the same - the
recipricol of the ramp height. In the case of current-mode, the ramp is formed by
the sensed current slope, S,,, and the added slope S..

1

Brown and Bello's expression

Art Brown, a PhD student at Caltech (also Middlebrook's student) agreed with
Bello in his foundational work which applied discrete-time and sampled-data
modeling to current-mode control [28,29].

So here you have a very interesting situation in 1986. Three highly-renowned
PhD resarchers have three very different gains for a simple modulator.
Furthermore, Middlebrook's name was on his 1986 paper, and also on Brown's
paper both having different expressions. Needless to say, this has led to much
confusion amongst students and working engineers. Which result should you
use?

Here is another baffling part of the puzzle. If you read through the papers from
Lee, Brown, Bello, and Middlebrook, you will not be able to identify an
analytical error, however hard you try.

Figure A3.1 shows the resulting current-loop gains with these different
predictions for the modulator gain. Both Lee and Middlebrook predict crossover
frequencies for the current loop in excess of half the switching frequency. Since
current-mode control is a sampled-data system, Nyquist would predict that such
a high crossover is actually impossible.
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Figure A3.1 Current-Mode Loop Gains from Lee, Middlebrook, and Bello (Brown):

Plots are shown for a duty cycle very close to 50%. The gain predicted
by Lee is very large if no ramp is added since the on- and off-time slopes
are very close in magnitude. Middlebrook's result is lower, but still 6 dB
higher than predicted by Bello and Brown.

Both Lee and Middlebrook predict a crossover frequency above half the
switching frequency - an impossible result according to Nyquist.
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How could these discrepancies exist without being resolved for many years? The
answer to this depends on several coincident factors that obscured the modulator
gain from being a key parameter in the past:

(1) When Middlebrook wrote his paper in 1986, he did not explicitly pull out the
parameter F),.

(2) Middlebrook was strongly opposed to the philosophy of defining and measuring
a current loop at all. He believed that this was the wrong approach to designing
current-mode systems. His view of this was supported by the fact that it is very
difficult to measure the current loop with conventional techniques, and this is rarely
done.

(3) Lee, who started on current-mode analysis earlier, worked with discrete circuit
implementations of current mode control since control chips for current-mode were
not available at the time. His observor implementation, used by NASA, did allow
current-loop measurement. However, due to the discrete implementation, the
constant-frequency version of current-mode was regarded as too troublesome
because of its instability. Implementations in hardware were usually done for
constant on-time and constant off-time control where the large variation in
modulator gain does not exist.

(4) Most people reading Middlebrook's work would not have been aware of Lee's
work, and would be unlikely to extract and compare modulator gains.

(5) Nobody in industry was likely to measure the current loop, it is too hard to do in
hardware.

(6) If researchers did measure a current loop, it was with a compensating ramp
added, and this reduces discrepancies.
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Current-Loop Measurements

After months of reading and comparing papers, there was no resolution of this
issue in sight. Finally, late one evening, I decided to go to the lab to settle the
issue once and for all with some hardware measurements. My plan was to add
varying amounts of compensating ramp to a current-injection system to see
which equation fit the measurements the best. Since I was a student of Dr. Lee's,
[ was pretty sure what I was going to see - I expected the modulator gain to be
very large as 50% duty cycle was approached with no ramp added, as predicted
by Equation A3.1.

However this didn't happen. Figure A3.2 show the original current loop
measurements recorded with an HP4194A analyer on a buck converter running
with current mode control. Measured current-loop gains made with a digital
modulator.

The black traces are for measurements with differing amounts of compensating
ramp. The top black measurement is with no external ramp, and this agrees
exactly with the predictions of Bello and Brown.

At no time did any of the measurements exceed half the switching frequency,
consistent with Nyquist predictions for sampled-data loops.

Modulator gains predicted by Middlebrook and Lee are shown to be wrong.
There is no avoiding this fact. Yet, despite the publication of this set of
measurements, researchers persist in deriving models with varying modulator
gains.

There is only one correct modulator gain, the one that is verified by
measurements in the lab. Make sure you use Eq. A3.3 in your models.
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Figure A3.2: Original Lab Measurements Made in 1987 to Verify Modulator Gain

Measured current-loop gains made with a digital modulator. The black
traces are for measurements with differing amounts of compensating
ramp. The top black measurement is with no external ramp, and this
agrees exactly with the predictions of Bello and Brown.

Modulator gains predicted by Middlebrook and Lee are shown to be
wrong.

Note that Nyquist criterium is adhered to - none of the measured loop
crossovers exceed half the switching frequency.
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4, Complete Small-Signal Model for Current-Mode

Control

4.1 Introduction

In the previous chapter, an accurate continuous-time model was derived for the
current-mode control cell Wifh fixed input and output voltages. An invariant gain,
H,(s), was derived for the feedback sampling gain for PWM converters with
constant-frequency and variable-frequency control schemes. However, the form
of the sampling gain is inconvenient for analytical investigation of the current-

mode system since it contains exponential terms in s.

In this chapter, a second-order approximation is made to the sampling gain to

provide a model which is accurate to half the switching frequency. The approxi-
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mation is in simple polynomial form which will allow the subsequent derivation

of analytical transfer functions which are useful for design purposes.

To complete the small-signal model around the current-mode cell, variations in
input and output voltages must be allowed. The effects of changes in these
quantities will be analyzed in this chapter, and modeled with simple feedforward
terms into the duty cycle of the converter. The values of these feedforward terms
will be derived for the general PWM switch model, and applied to the three basic

two-state converters.

All of the modeling in ‘Chapter 3 has been applied to converters in continuous-
conduction mode. The final part of this chapter will cover the modeling of the
PWM converters in discontinuous-conduction mode (DCM). It will be shown
that no sampled-data modeling is required to derive the model of the DCM con-
verters with current-mode control. All that is needed in the model is the standard

DCM switch model, and feedforward terms from the input and output voltages.

4.2 Approximation to Sampling Gain Term

A common expression for all converters was found in Chapter 3 for the sampling

gain, H,(s). This expression is not useful in itself for analytical insight into the
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behavior of current-mode systems, and it must be approximated by a simpler
function. Fig. 4.1 shows the plot of the exact transfer function, and Fig. 4.2
shows the location of the poles and zeros of the transfer function. The multiple
poles of the function are derived from the condition

s, T

H(s)=——o— = 4.1
e( p) eSPTS _ 1 %) ( )

The finite solution of this condition is
eTs = | (4.2)

which is satisfied at frequencies which are integer multiples of the switching fre-
quency. An obvious approach to approximating the transfer function of Eq.
(4.1) is to use a continuous-time transfer function with the same poles and zeros
in polynomial form. An approximation could then be made at lower frequencies
by simply retaining only the lower-frequency poles of the polynomial transfer
function. This is not a satisfactory approach. The exponential poles of Eq. (4.1)
have infinite Q. However, even at frequencies well before the pole frequency, the
phase of the transfer function is significantly altered, as can be seen in Fig. 4.1.
Complex polynomial poles with infinite Q exhibit quite different behavior. The
phase of a pair of infinite-Q polynomial poles is flat until the resonant frequency,
at which point it drops down abruptly by 180 degrees. It does not make sense,
therefore, to simply replace the exact expression for H,(s) with a polynomial ex-

pression with coincident poles and zero. Even though both transfer functions
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would have the same peaking frequencies, the modeling of the phase character-

istic would be very poor.

The objective of a simple model for the sampling gain is to match the gain and
phase characteristics of the transfer function as closely as possible over the fre-
quency range of interest. For the sampled-data system, the maximum frequency
to be modeled is the Nyquist frequency, equal to half the switching frequency.
Notice that the sampling gain function shown in Fig. 4.1 has a well-behaved

characteristic up to half the switching frequency, with no discontinuities.

Many different approaches can be taken to match one complex transfer function
to another over a prescribed frequency range. However, the sought-after model
in the case of current-mode control has some special requirements. At dc, the
transfer functions should match exactly, or the resulting new current-mode model
would be less accurate at low frequencies than existing averaged models. Sec-
ondly, it is known that the oscillation problem inherent in current-mode control
occurs at one-half the switching frequency, so the approximation to the transfer

function should also be exact here.

A first-pass approximation to the sampling gain is a second-order polynomial.
H,(s) exhibits a change in phase from zero to minus ninety degrees at half the
switching frequency, and an increase in gain, as seen in Fig. 4.1. A first-order

polynomial is inadequate for modeling such behavior since its maximum possible
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Figure 4.1. Exact Transfer Function for Sampling Gain: At half the switching fre-
quency the gain has increased by about 4 dB, and the phase shows exactly
90° lag. High-Q poles are apparent at the switching frequency and twice
the switching frequency.
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Figure 4.2. Pole-Zero Locations of the Exact Sampling Gain: The exact sampling
gain transfer function has a pole and a zero at the origin, and an infinite
number of complex pole pairs occurring at each integer multiple of the
switching frequency.
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phase delay is ninety degrees, obtainable only if the pole or zero is placed at the

origin. An approximate expression is chosen such that

2
H(s5)~1 + —— 4+ & 4.3
e( ) anz a)2 ( )

n

This approximate expression is equal to unity at dc (s=0), matching the value
of the exact transfer function. At half the switching frequency, the approximate
expression can be forced to equal the exact transfer function gain and phase ex-

actly if parameters are chosen such that

0,==2% (4.4)
and
W, = % (4.5)
R}

This choice of parameters satisfies the end conditions exactly for the approxi-
mation, and will suffice if the deviations between the average and exact models
are small at all frequencies in between. Fig. 4.3 shows the exact and approximate
transfer functions plotted up to half the switching frequency. It can be seen from
this figure that the approximate second-order model is very accurate. The gain
does not deviate from the exact expression by more than 0.2 dB, and the phase

" by not more than 3 degrees.
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Figure 4.3. Exact Sampling Gain and Approximation: The approximate sampling

gain expression, given by a quadratic formula, is equal to the exact ex-
pression at dc and half the switching frequency, and differs by less than
0.2 dB and 3 degrees at all frequencies in between.
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4.3 Derivation of Feedforward Gains for CCM

The sampled-data model and the low-frequency approximation derived so far
have been for the simple current-mode cell with fixed input and output voltages.
Perturbations in these voltages must be allowed for to complete the new current-
mode model. In current-mode control, it is the peak (or valley) of the current that
is directly controlled by the modulator input voltage. It was shown in the previous
chapter that perturbations away from steady-state of this controlled current peak
lead to perturbations which were held constant over the whole switching cycle.

It was not important that the peak current was the controlled quantity.

When deriving the complete current-mode model, however, the fact that the av-
erage current is different from the peak current is significant. In Fig. 4.4 the
modulator waveforms are shown, and it can be seen that the average current in
steady-state is equal to the peak current minus or plus half of the ripple current,
depending on the control scheme being used. Furthermore, the ripple current is
a function of the duty cycle, input voltage and output voltage of the current cell.
As the input and output voltages are changed, there is a direct effect on the duty

cycle and the average current value.

The effect of the input and output voltage perturbations can be modeled with the
block diagram shown in Fig. 4.5. In addition to the model parameters derived in

Chapter 3, feedforward gain terms from the input and output voltages to the duty
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Figure 4.4. Steady-State Modulator Waveforms: The average inductor current,
<ip > is related to the peak current and the ripple current. The ripple
current is determined by the voltages across the inductor during the on
and off times, and by the duty cycle.
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cycle are included. Notice that the modulator gain is included in the feedforward
paths. This is an arbitrary choice which has the benefit of simplifying the ex-
pressions for the feedforward terms, and which will provide terms which are in-
dependent of the modulator gain parameters. A direct feedforward path from
input or output voltage to duty cycle could be chosen, but this produces a more

complex gain term which is dependent upon the modulator gain.

The model of Fig. 4.5 is useful for analytical derivation of the system transfer
functions, and it is used for this purpose in the next chapter of this dissertation.
However, it has the drawback that the gain terms, kr and k,, must be derived for
each converter to be modeled. An alternative form of the current-mode model is
shown in Fig. 4.6. In this representation, the feedforward terms are from the on-
time voltage across the inductor, via kf, and from the off-time voltage across the
inductor, via k,. This model provides invariant values for these gains which is
far more convenient when building the new cufrent-mode model into a circuit‘

analysis program such as Spice.

The models of Figs. 4.5 and 4.6 are, of course, intimately related. The on-time
and off-time inductor voltages are linear combinations of the input and output
voltages, and the model gains are also linear combinations of each other. By
finding the values of k¢ and k,’ of Fig. 4.6, the gains kr and k, of Fig. 4.5 can be
found with simple algebra. This saves a considerable amount of work in the der-
ivations for each converter. The technique is applied in the analysis of this chap-

ter.
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Figure 4.5. Complete Small-Signal Model for Current-Mode Control: Feedforward
terms from the input and output voltages complete the small-signal model
to predict the effect on inductor current of changes in the input and output
voltage. This form of the model is useful for transfer-function analysis,
and is used in Chapter 5.
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Figure 4.6. Invariant Small-Signal Model for Current-Mode Control: Feedforward
terms in this model are from the on-time and off-time voltages of the
current cell. This form of the model has the advantage of invariance. The
values of k¢ and k,’ are constant, regardless of the power stage topology.
This is more useful for circuit analysis programs.
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The values of the feedforward terms, k/ and k,’, can be found from the steady-
state equation relating the average inductor current to the peak inductor current.
Differentiation of this equation with respect to on-time and off-time voltages (one
at a time) gives the small-signal perturbation of average inductor current. The
block diagram of Fig. 4.6 can then be analyzed under steady-state conditions,

and the value of the feedforward terms chosen to match the correct result.

Referring to the steady-state waveforms of Fig. 4.4, the describing function for
the inductor current in terms of the control voltage and operating conditions, for
constant frequency control with trailing-edge modulation, or for constant off-time

control, is given by

spd' T
2

R<iy> =v,—-dT,S, - (4.6a)
i L c e

For constant-frequency, leading-edge modulation and constant on-time control,

the describing function is given by

Sfdlj;.
2

Ri< iL > = Vc -+ d,TsSe + (4.6b)

The quantity <iz > denotes the average value of inductor current under steady-

state conditions.

The complete small-signal model for the current-mode cell is shown in Fig. 4.7.

This model is obtained by inserting the generic current cell of Fig. 3.3 into the
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Figure 4.7. Small-Signal Model for the Generic Current Cell: The input and output
voltages of the generic cell are vo, and vy, respectively. For the flyback
converter, these are equal to the input and output voltages, and in general
are linear combinations of the input and output voltages.
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block diagram of Fig. 4.6. For the generic current-mode cell shown in Fig. 4.7,

the following equalities hold:

v
ff

d=—3 4.7

Von -+ vﬂff ( )
y

d=—>— 4.8

Vo Yoy (4.8)
and
voffRi

Sf= 'T- (4.9)

Substituting these expressions into the describing function of Eq. (4.6a) for the
steady-state average current, and perturbing the on-time voltage, v,,, the small-
signal perturbation in the average inductor current with respect to the on-time

voltage is found for constant-frequency, trailing-edge modulation control:

<iy> DS,T, DT,
. b T VR 2L

on

(4.10)

The circuit diagram of Fig. 4.8 can be used to derive the same quantity, this time
in terms of the feedforward gain, k/. The sampling gain term does not appear in
Fig. 4.8 since it is unity at dc. The analysis is trivial when one recognizes that -

the inductor is a short circuit at dc, and the voltage across the inductor is zero
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under steady-state conditions. For all forms of current-mode control, the gain is

found to be:

= +k,'] (4.11)

The two expressions of Eqgs. (4.10) and (4.11) can be equated to find the value
of the feedforward gain. The value of F, is dependent upon the form of current-
mode control being used, and these values are summarized in Chapter 3. For

constant-frequency, trailing-edge control,

1
F = — 4.12
n= St SIT. (4.12)

and the feedforward gain is found to be

kf'=%T’R"[1 ——?—] (4.13)

A similar procedure is followed for the derivation of the feedforward gain from
the off-time voltage. In this case, the describing function for the steady-state av-
erage current is perturbed with respect to the off-time voltage, v, and the
small-signal perturbation in the average inductor current with respect to the off-

time voltage is found for constant-frequency control to be:
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Figure 4.8. Generic Current Cell with Fixed Voltage During Off-Time: The on-time
voltage, which is in general a linear combination of input and output
voltages, is allowed to vary, and the value of feedforward term, kf, is de-
rived for all converters.
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Figure 4.9. Generic Current Cell with Fixed Voltage During On-Time: The off-time
voltage, again a linear combination of input and output voltages, is al-
lowed to vary in this case, and the value of feedforward term, k', is de-
rived for all converters.
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A , 2
<i> -D's,T, DT,

by Vak 2L

(4.14)

The circuit diagram of Fig. 4.9 can also be used to derive the same quantity, this
time in terms of the feedforward gain, k,’. The voltage across the inductor is

again zero under steady-state conditions. Using this fact, the gain is found for all

forms of current-mode control to be:

<> 1 [ -D' ]
-k’ 4.15)
\l)oﬁc Ri FmVap ’ (

The two expressions (4.14) and (4.15) can be equated to find the value of the

feedforward gain from the off-time voltage for constant-frequency control:

g 57 (4.16)

This procedure can be repeated for constant on-time and constant off-time con-
trol, and the results for the feedforward gains of the generic current-mode cell are

presented in Table 4.1.

Derivation of these gains completes the model of Fig. 4.6, and this model is used
in Appendix B of this dissertation to generate equivalent circuit models in PSpice.
The gains of the model are also used to derive the feedforward terms of Fig. 4.5

from the input and output voltages. As mentioned before, the on-time and off-
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time voltages of the current-mode cell are linear combinations of the input and
output voltages. The relationships between these voltages are summarized in Ta-

ble 4.2 for the three basic PWM converters.

From this table, it can be seen that the on-time voltage for the buck converter is
given by Vg, — V,, and the off-time voltage is given by V,. A feedforward path
from the input voltage is provided by the feedforward gain k¢ only. Feedforward
of the output voltage is provided by both k/ and k,’. The specific feedforward
gains for the buck converter are therefore calculated from

,_=DTR [ D

The feedforward gain from the output voltage is found to be:

T.R,
ky =k —kf == (4.18)

This process can easily be followed for any PWM converter. The subsequent re-
sults for the buck, boost, and flyback converters are summarized in Table 4.3-4.6,
where the feedforward gains with different control schemes are given. The deri-
vation of these gains completes the new small-signal model for current-mode

control in continuous-conduction mode.
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TABLE 4.1

Feedforward Gains for Invariant Current-Mode Model

Constant Frequency | Constant Frequency Constant Constant
Trailing Edge Leading Edge Off-Time On-Time
/ L 2 2L L 2L
! D"2T; R; D'T R; [1 D ] D'T; R; D'T R;
4 2L L 2 2L L
TABLE 4.2
Input and Qutput Voltage Relationships
Buck Boost Buck-Boost
Von Ve— Vo Ve Ve
Vot V, Vo— Vg V,
ks kf ki — k' k¢
k, — ki +k/ k' k,’
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TABLE 4.3

Feedforward Gains for Constant-Frequency, Trailing-Edge Control

Buck Boost Buck-Boost
k _DTSR,' [1_2] _ Ts R; _DTSR[ [1__D__]
f L 2 2L L 2
k TsR[ D'ZTS Ri D’ZTS R[
r 2L 2L 2L
TABLE 4.4
Feedforward Gains for Constant-Frequency, Leading-Edge Control
Buck Boost Buck-Boost
K _ D2T, R; Ts R; _ D2T; R;
f 2L 2L 2L
i _ TsR; D'Ts R; [1 __IL] D'Ts R; [1 D ]
! 2L L 2 L 2
TABLE 4.5
Feedforward Gains for Constant Off-Time Control
Buck Boost Buck-Boost
DT, R; T, R; DT, R;
ky -7 —(1+ D) 5T T
T R; D'Ts R; D'Ts R;
kr (1+D)=7 2L 2L

4. Complete Small-Signal Model for Current-Mode Control




TABLE 4.6
Feedforward Gains for Constant On-Time Control

Buck Boost Buck-Boost
D TS Ri ’ Ts Ri D Ts R,‘
kf 2L —(+ D)7 EY?
Ty R; D'T, R; D'T, R
Fer (1+D)=T L L

4.4 Current-Mode Models for DCM

When operating in the discontinuous mode, the PWM switch model for DCM,
shown in Fig. 4.10, must be used. The power stage models are obtained by sub-
stituting this model in the circuits of Fig. 4.1. The CCM converters needed
sampled-data analysis to develop the small-signal models for current-mode con-

trol. This is not the case for converters operating in the DCM region.

Fig. 4.11 shows the modulator waveforms for a converter operating with
current-mode control in DCM. The control reference is used with the sensed
inductor current to control the turn-off of the power switch. For DCM, the
inductor current alwéys starts at zero at turn-on. It is possible to achieve exactly

the same effect as current-mode control by using a simple sawtooth ramp whose

4. Complete Small-Signal Model for Current-Mode Control 96



a P
— -—
active
a A
A A Gdod p
G.d g.v r
M di Vac o)
c
common

Figure 4.10. PWM Switch Model for Discontinuous-Conduction Mode.:

passive

The PWM

switch model for DCM is different from the model for CCM. It is in-

variant for all PWM converters.
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slope is determined by the input voltage, output voltage, and inductor value.
Inductor current feedback is not necessary. The block diagram of Fig. 4.12 is,
therefore, sufficient to completely model the current-mode feedback for DCM.
The only task to be done to complete the model is to find the gains, kr and k,.
As for the CCM model of Fig. 4.5, the model in Fig. 4.12 provides analytical in-
sight, and is used for this purpose in Chapter 5. However, the model of Fig. 4.13
is more practical for circuit modeling since it has invariant gains for all convert-
ers. Notice that there is no gain term from the inductor off-time voltage in this

model. It is shown below that the gain from this voltage is always zero.

The describing function of the modulator, expressing the on-time in terms of the
control voltage and circuit conditions, for converters in DCM with a controlled

on-time is given by

PR - 4.19
On_sn+Se (' )

" The on-time slope, s, is a function of on-time voltage, inductor value, and
current-sense gain value, R;. The small-signal perturbation due to changes in on-
time voltage can therefore be found by taking the partial derivative of Eq. (4.19)
with respect to this voltage. For the current-mode cell, the small-signal gains are

given by

= " (4.20)
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Figure 4.11. Discontinuous-Conduction Modulator Waveforms for Current-Mode
Control.: The sensed current waveform added to an external ramp is
compared with a control signal, v., to provide the controlled duty cycle.
Notice that the current ramp always starts from zero, and its slope is
dependent upon the voltage across the inductor during the on-time.
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Figure 4.12. Small-Signal  Block  Diagram  for  Current-Mode

Control

(DCM): There is no feedback of inductor current in this block dia-
gram, and no sampled-data modeling is needed. The feedforward blocks,

kr and k;, provide the necessary control information.

4. Complete Small-Signal Model for Current-Mode Control

100



>

(o]
Vg _| POWER STAGE B
MODEL i
-~
IE
Fm
Vo = K =

—_— T

>

Figure 4.13. Invariant Model for Current-Mode Control (DCM): Only the
Sfeedforward gain, ki, from the on-time voltage is needed in this form of
the model. The value of this parameter is the same for all converters

being modeled.
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and, since the on-time does not depend upon the off-time slope,

o —0 (4.21)

A
4 TN ! (4.22)
b TTL (5, + 5,1,
and
d
4 _o (4.23)
voﬁ’

For constant off-time control, the gains with respect to the duty cycle are

d _ DDR
AT T LS, T,

on n-s

(4.24)

and

=0 (4.25)

Constant on-time current-mode control, and constant-frequency with leading-
edge modulation cannot be implemented since there is no current signal available

at the end of the off-time in DCM.

In the model of Fig. 4.13, perturbations in the duty cycle are given by the product

of the gain k/ and the modulator gain, F,,. This representation provides a more
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convenient model. The necessary gains can be found by dividing Eqgs. (4.22) and
(4.24) by the modulator gain, resulting in the same expressions for both constant

frequency and constant off-time control.

(4.26)

The gains for the generic current-mode cell can be translated into specific gains
for each of the converters by using the relationships between the input and output
voltages summarized in Table 4.2. The results of the analysis are presented in
Table 4.7, for both constant-frequency and constant off-time control. Modulator
gains for these control schemes, repeated here for convenience, are the same as

those for continuous conduction mode.
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TABLE 4.7

Summary of Gain Parameters for DCM

Buck Boost Buck-Boost

L _ DTy R _ DI R _ DIy R
f L L L

DT R;
kr Z L O O
Fo m (Constant Frequency)

D (Constant Off Time)
SnTs
F. 1 (Constant Frequency)
esDTsl2 (Constant Off Time)
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4.5 Conclusions

The complex expression for the sampling gain, H,(s), derived in Chapter 3 was
simplified with an approximate expression. A second-order polynomial was suf-
ficient to accurately model the effects of the sampling action of current-mode

control up to half the switching frequency. The approximate sampling gain is

given by
s 52
H (s)~1 + + 4.27
e( ) anz wi ( )
where
Q= (4.28)
and
n
w, = — (4.29)
n Ts

This simple transfer function gives remarkable accuracy in approximating the
exact transfer function, both in gain and phase predictions. At dc and half the
switching frequency, the functions are identical. It is not surprising that the sec-
ond order transfer function is adequate, since the nature of the problem in the
current-feedback system is an oscillation, normally associated with a pair of
complex poles in the system. It will be seen in the next chapter how the complex
zeros of the approximation to the sampling gain produce a corresponding pair of
complex poles in the closed-loop system. An interesting feature of the sampling

gain approximation is that it has complex zeros in the right-half plane. The im-
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portance of this in modeling system performance will also be discussed in the next

chapter.

The small-signal model for continuous-conduction mode was completed with the
derivation of feedforward gains from the on-time and off-time voltages across the
inductor. These gains were then used to derive the individual feedforward gains
for specific converters from the input and output voltages. The invariant form
of the model with feedforward from on-time and off-time voltages is very useful
for circuit modeling. The model with feedforward from input and output voltages
can provide more analytical insight into some of the observed phenomena of
current-mode control. The impact of the feedforward gains on the small-signal

performance will be discussed in the next chapter.

Finally, the small-signal model for current-mode control with discontinuous
inductor current was derived. Simple arguments show that a current-feedback
loop is not even needed in the small-signal model, and sampled-data analysis is
not needed for the DCM model. Feedforward gain terms provide the complete

model for the system when coupled with an accurate model for the power stage.
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5. Predictions of the New Current-Mode Control

Model

5.1 Introduction

In the previous two chapters, a new small-signal model for current-mode control
was derived for converters operating in continuous-conduction mode (CCM) and
discontinuous-conduction mode (DCM), with several different forms of control-
lers. In this chapter, the new model will be applied to a power converter to derive
some of the interesting transfer functions that result from current-mode control.
This will demonstrate how the .new current-mode model overcomes the short-
comings and difficulties of previous modeling approaches and provides design
insight to the system. Trgnsfer function predictions are confirmed with meas-

urements on an experimental power stage.
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5.2 Constant-Frequency Control in CCM

The buck converter shows some of the most interesting properties with current-
mode control, and was therefore chosen as an example to demonstrate the fea-
tures of the new current-mode model. Fig. 5.1 shows the converter used as an
example throughout this chapter, with the component values. Ideal switches were
assumed. The converter was operated in this section with constant-frequency
control at 50 kHz, with the clock initiating the on-time. The inductor current
waveform was scaled by a sensing network by 0.33, and the external ramp slope,
Se, was adjustable to show the effect of changing the ramp. The component val-
ues of this converter were combined with the current-mode model to provide the
analytical predictions derived in this chapter. Transfer functions were plotted by
modeling the circuit and current-mode model in PSpice, as described in Appendix

B.

An experimental converter, shown in Fig. 5.2 was also built to make hardware
measurements of the small-signal transfer functions. This circuit was used
throughout this chapter. Fig 5.2 shows the essential features of the current-mode
control circuit, using the UC3825 control chip from Unitrode [39]. Protection
features, bypass capacitors, and supply voltages are not shown in the circuit dia-

gram.
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Figure 5.1. Example Buck Converter for Confirmation of Small-Signal
Predictions: The buck converter has some of the most interesting char-
acteristics with current-mode control and was chosen to confirm the

modeling approach.
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Figure 5.2. Experimental Buck Converter for Small-Signal Measurements: An ex-
perimental circuit was built to confirm the predictions of the model with
measured data. The essential components and functions of the current-
mode control are shown in this circuit diagram.
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The effective current sensing gain, R;, of Fig. 5.1, was actually implemented in the
hardware circuit by a current transformer, 77, in series with the power switch.
The current transformer turns ratio, and the current sense resistor, R, set the
gain of the sensing network to be 0.33. A high-frequency filter, formed by com-

ponents Ry and Cy, was used to filter out switching spikes.

An external ramp was created by the components R,, Cn and CR,, The
capacitor was charged up through R,, from the supply voltage of the control chip
when the gate drive signal was high, and discharged through the diode, CR.,,
when the gate drive signal was low. The small amplitude of the external ramp,
typically less than 2 V, compared to the supply voltage of 16 V, ensured that the
external ramp was linear. The amplitude of the external ramp was adjusted by

selecting the appropriate value of resistor, R,,.

The operating point of the control and power stage circuit was set by adjusting
the dc value of the control voltage, V., with a potentiometer. Modulations in the
control voltage could be introduced via the connection V,,. The error amplifier
of the circuit, connected to pins 1-3, was configured as a voltage‘ follower, so the

output of the amplifier was always equal to the control voltage, V..
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5.2.1 Current Loop Gain

Current-mode control uses feedback of the inductor current to improve the char-
acteristics of the power stage. As with any feedback system, it is instructive to
look at the loop gain of the current feedback to ensure that the system is stable
for all conditions. Usually, loop gain is also used for designing the compensation
of the feedback system. However, current-mode control of the form analyzed in
this thesis uses only gain in the current feedback network, and there is little de-

sign freedom.

Fig. 5.3 shows the new small-signal model for current-mode control, applied to
the buck converter to derive the current loop gain, T; (s). The current loop is cre-
ated by feedback of the current state through the sensing gain, R, A second
feedback block, k,, is created when the current loop is closed, but it is easy to
show that this block is only significant when the converter operates close to
DCM. Even then, the effect of this gain is only significant at low frequencies.
The feedforward gain, ks, from the input voltage is not shown since the input

voltage perturbations are zero when deriving the current loop gain.

Ignoring the gain term k,, the approximate expression for the current loop gain,

T; (s), is given by:

L l+sCRHS
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Figure 5.3. Current Loop of the Buck Converter: The feedback of the inductor
current information creates a closed-loop system, the stability of which
can be assessed by examining the current loop gain, T;(s). This loop gain
is measured by breaking the feedback path at the output of the modulator
gain, Fp.
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The denominator, A(s), is the power stage transfer function denominator given

by the PWM switch model combined with filter components to form the buck

converter:
AGs) =1 + — +S:2 (5.2)
onps cog .
where
1
w,= 5.3
(4] .\/Z_C_: ( )
and
1
st = L (5.4)
wo[ R -+ CRC:I

Like the average models [16-19], the predicted current loop of the new current-
mode model has a low-frequency zero, and a double pole at the output filter res-
onant frequency. Apart from these similarities, the current-loop gain expression
of Eq. 5.1 differs significantly from averaged models. The important differences
are the dc gain, and the presence of the sampling gain transfer function, H(s).
The dc gain of the current loop is inversely proportional to the parameter m,. As
more external ramp is added to the system, 7, becomes larger, and the loop gain

decreases.
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The importance of the sampling gain, H,(s), is apparent when the current loop
gain is plotted. Fig. 5.4 shows plots of the current-loop gain, with different values
of external ramp, at a duty cycle of D = 0.45. This plot was generated using the
model of Appendix B, and includes the effect of the feedback term, k,. The term
H,(s) introduces a pair of complex RHP zeros, predicted by Egs. 4.3-4.5 that
cause the gain of the loop to become flat at half the switching frequency, and the

phase to drop an additional ninety degrees at this point.

The shape of the gain and phase curves do not change with added external ramp.
For the case with no external ramp (m, = 1), it can be seen that there is very little
gain margin or phase margin in the current loop. If the duty cycle increases fur-
ther, the gain increases and the system becomes unstable at D =0.5. Unlike pre-
vious average models for current-mode control, the new model completely
explains the phenomena for current-loop instability by showing the small phase
margin as the instability point is approached. Also, the means by which the ex-

ternal ramp stabilizes the system is accounted for.

An interesting feature of the current loop gain is the high-frequency asymptote
of the transfer function. Above the resonant frequency of the power stage, the
loop gain is approximated by

T, ()~ = H,(s) (5.5)

-3
m. D’

C
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Figure 5.4. Buck Converter Current Loop Gain:

100k

This figure shows the effect of the

RHP zeros of Hs) on the current loop stability. At half the switching
Jfrequency, the phase of the current loop is -180 degrees, and the system
is unstable with too much gain. The gain of the current loop is reduced
by adding an external ramp to the system.
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This high-frequency transfer function is actually the same for all power stages
when constant-frequency control with a clock initiating the on-time is used. This
is not surprising since the generic current cell is common to all converters, and the
generic cell is the approximate equivalent circuit for finding the inductor current
transfer function for all converters above the resonant frequency of the power

stage.

A proper average model of the current mode system would produce the same

transfer function as Eq. (5.5), with the sampling gain H,(s) = 1.

Fs
— (5.6)

(4

T ()

This transfer function has the familiar -1 slope of the current feedback with av-

erage models [16-19], but has a crossover frequency of

s 5.7

Je= 2nm, D’ (5.7)

With no external ramp, m. =1, and the crossover frequency predicted by the
average model at a duty cycle of 0.5 is _%_ Hence, using average models, the
maximum crossover frequency before the system goes unstable is about one-third

of the switching frequency. (This was predicted by the model in [20]). Addition

of external ramp to the system will reduce this crossover frequency.
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This asymptotic crossover differs from predictions of several of the existing aver-
age models. For the model in [18], there is a factor of two difference, attributable
to different expressions for the modulator gain. In [16], the crossover frequency
can be very much higher, depending upon the duty cycle, and value of external
ramp used. Of course, no model should predict a crossover frequency in excess
of half the switching frequency, since this would exceed the Nyquist frequency.
These flaws in earlier models weré seldom observed as being severe, however,
since most practical applications use an external ramp. When a fairly large ex-
ternal ramp is used, the models of both [16] and [18] will predict approximately

the same crossover frequency as the new model.

The characteristics of the current loop gain of the converter show how the ex-
ternal ramp of the system should be selected, based upon the desired phase mar-
gin and crossover frequency. However, many designers find it inconvenient to
measure the current loop gain of the system, and it is just as straightforward to
select the value of the external ramp based upon the control-to-output transfer
function predicted by the new model when the current loop is closed. This is

discussed in more detail in the next section of this chapter.

Measurements were made on the experimental converter of Fig. 5.2 to confirm
the modeling of the current loop gain. It was necessary to increase the input
voltage of the experimental converter to 14 V to achieve a duty cycle of 0.45,
obtained with the theoretical circuit at 11-V input. Circuit inefficiencies and

semiconductor voltage drops, not modeled in the analysis, accounted for the in-
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creased input voltage. The approximate transfer function of Eq. 5.1 is dependent
on duty cycle, not input voltage, so the change in input voltage does not introduce

any discrepancies between measurements and predictions.

The measured and predicted current loop gains for m, = 1 (no external ramp) and
m, = 2 are shown in Fig. 5.5. As predicted in Eq. 5.1, the effect of adding external
ramp is to reduce the gain of the loop. The phase is not affected by the value of
external ramp. Both the gain and phase measurements agreed very well with
predictions up to half the switching frequency. It is important to point out that
a digital modulator [40,41] was used to measure the loop gain. This ensures that
the correct sampled-data loop gain is obtained, and that all the feedback paths
created by the current loop are measured. As pointed out in [29], other meas-
urement techniques will not produce the proper measurement of the sampled-

data loop gain.

5.2.2 Control-to-Output Gain

The use of a digital modulator to measure the loop gain of the current mode sys-
tem is inconvenient and usually quite impractical for most converters. The digital
modulator requires a complex circuit that modulates the output drive signal from
the PWM controller, and injects the signal into the circuit via another driver.
This is inconvenient in practical situations, and most designers prefer to work

with the control-to-output transfer function. Current-mode control as described
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Buck Converter Current Loop Gain - Experimental Results: The pre-
dicted and experimental results for the current loop gain agree very well,
especially at higher frequencies where average models fail to predict the
current-loop instability.
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in this thesis is implemented with a simple gain in the feedback network. In the
absence of any compensation here, the only design freedom in the current loop is
to reduce the gain of Eq. (5.1) from a maximum value determined by the oper-
ating condition, with m, = 1. The gain is reduced by the addition of an external
ramp, as demonstrated in the previous section of this chapter, increasing the
value of m.. In light of the lack of design freedom, it is usually preferable to

characterize the effect of the closed current loop from outside the loop.

Fig. 5.6 shows the small-signal model for derivation of the control-to-output
transfer function of the buck converter with the current loop closed. The input
control parameter is now the voltage {}c, not the duty cycle of the converter. The
closed current loop of the system changes the characteristics of the power stage,
and the stability of the current loop can be assessed by looking at the control-to-

output transfer function.

The control-to-output transfer function with the current loop closed can be de-
rived from the circuit diagram of Fig. 5.6. If the current loop gain is reasonably
high (that is, it has significant gain at the output filter resonant frequency), the
expression for the control-to-output transfer function can be approximately fac-
tored into a simple form. The approximate control-to-output transfer function

for the buck converter with current-mode control is given by

A
e iy F()Fy(s) (5.8)
oo 14 —=[mD - 05]
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Figure 5.6. Buck Converter with Current-Loop Closed: The closed current loop of
the system changes the control-to-output characteristics. Most designers
prefer to use the control-to-output transfer function to select the closed-
loop compensation.
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where

where

and

where

I + sCR
Fys) =————
' 1+
@p
o =+ mp—05)
P=CR T LCc T '
1
Fy(s) = )
1+ ——4-2
anp co,2,
_ 1
%= n(m,D’' — 0.5)

(5.9)

(5.10)

(5.11)

(5.12)

The transfer function, Fp(s), gives the dominant low-frequency characteristics of

the system. For some average models [23,25,26,27] this is the only dynamic ex-

pression considered for the system, and higher-frequency effects are ignored.

Furthermore, the pole location of w,, given in Eq. 5.10, is more accurate than

that predicted by previous average models [16-27]. The increased accuracy is im-

portant in showing how the low-frequency pole moves as less current feedback is

used. It is important to see that the low-frequency pole moves to a higher fre-

quency as more external ramp is added to the system.
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The transfer function, Fj(s), shows the effects of the sampling action on the sys-
tem. Notice Fj(s) gives a double pole at half the switching frequency, and the
quality factor, Q,, of this pole pair depends upon the duty cycle of the converter
and the added external ramp. This pole pair is produced by the complex RHP
zeros in the closed current loop. The small phase margin when the current loop

crossover is too high gives a high value for Q,.

It is important to note that the expression for the high frequency poles given by
Fu(s) in Eqgs. 5.11-5.12 is the same for all power stages with constant frequency
control, and the clock initiating the on time. The existence of this pair of complex
poles is one of the most significant features of the new current-mode model. The
model for the two-state converter system has three poles. This contrasts signif-
icantly with previous average models which have two system poles [16-22], one
of which is assumed to be at very high frequency in some modeling approaches,
or nonexistent in others [24-27]. It will be seen that the presence of the three poles

is critical to the accurate modeling of the current-mode system.

Fig. 5.7 shows a set of plots qf the control-to-output transfer function of the buck
converter, with the current loop closed, for different values of external ramp
added to the system. The first curve, with no external ramp added to the system
(m., = 1), shows the single-pole response at low frequencies, and the very high-Q
peaking of the pair of poles at half the switching frequency. This is for a duty
cycle of 0.45, close to the instability point of the current loop. The second curve,

with m, = 1.2, shows how the addition of a small amount of external ramp
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quickly damps the complex poles, eliminating the instability at half the switching

frequency.

Fig. 5.8a shows the pole locations of the system with the current loop closed, with
no external ramp added to the system. The poles at half the switching frequency
are always complex for this case. At a duty cycle of D =0, they have a @, of
%, as predicted by Eq. 5.12. As the duty cycle increases towards D = 0.5, these
poles move towards the imaginary axis, becoming purely imaginary with a
Op = oo at D = 0.5, and the poles move into the right-half plane for higher duty
cycles. (For constant-frequency control, with /leading edge modulation, the poles
would have a @, = —723— at a duty cycle of 1, and be in the right-half plane for duty

cycles less than 0.5.)

Fig. 5.8b shows the effect of an external ramp on the system with a duty cycle
of D =0.45. As an external ramp is added to the system, the poles move closer
to the real axis, eventually splitting into two real poles. One of these poles then
moves out to high frequencies, and the other moves in towards the resonant fre-
quency of the power stage. When sufficient external ramp is added to the system
to reduce the current loop gain to a point where the gain at the resonant fre-
quency is less than 1, this pole combines with the low-frequency pole of Fy(s) in
Eq. (5.9), to provide the resonant-frequency poles characteristic of voltage-mode
control. This is the limiting case for the accuracy of the expression of Eq. 5.8.
From the current loop gain plots of Fig. 5.4, this limiting case is with a value of

m. = 8 at a duty cycle of D = 0.45.
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Figure 5.7. Control-to-Output Transfer Function with Current-Loop Closed: The
low phase margin in the current loop of the system with small external
ramp is manifested in the control-to-output transfer function by a pair of
complex poles at half the switching frequency. The Q of these poles is

controlled by the addition of the external ramp.
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Figure 5.8. Poles of the System with the Current-Loop Closed: Unlike average
current-mode models, the new current-mode model gives a control-to-
output transfer function with three poles.
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Figs. 5.7 and 5.8 show the power of the new small-signal model. For the first
time, a comprehensive model is given which shows the high-frequency dynamics
of current-mode control, yet which also will show the transition from current-
mode to voltage-mode control as more external ramp is added to the system. This
is very important for modeling purposes: a single model can be used for the two
types of control. Separate current-mode and voltage-mode models are not re-

quired.

Another important feature of the new model is the simple form of the expressions
for the high-frequency dynamics, given in Eqgs. (5.11-5.12). This makes the sys-
tem performance simple to predict and design, and also shows how the system
can become unstable when the voltage loop is closed. The instability at half the
switching frequency is not just a function of the current loop. It is quite possible
for the closed current loop to be stable, but the system can then oscillate when the
outer voltage feedback loop is closed. Fig. 5.9 shows the buck converter with a
compensation network in the feedback loop from the output voltage. To dem-
onstrate how the feedback loop can cause the current-loop instability, an

integral-and-lead network is assumed. -

The converter of Fig. 5.9 is operating at a duty cycle of D =0.45. From Eq.

(5.12) this produces a pole pair in the control-to-output transfer function at half

the switching frequency, with Q, =—2-9—. The system is stable with the current

Y/
loop closed. When an integrator and lead network is added to the control loop

feedback from the output voltage, the loop gain shown in Fig. 5.10 results. This
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Figure 5.9. Buck Converter with Feedback Compensator and No External
Ramp: With no external ramp, addition of a compensation network can
cause the previously-stable current loop to oscillate. The loop gain of this
system, measured at the output of the compensator, shows the cause of
the instability.
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loop gain can be measured at the output of the compensator shown in Fig. 5.9.
Even though the loop gain has good phase margin at the initial crossover fre-
quency of about 5 kHz, the high-Q poles at half the switching frequency cause
the gain to rise above 0 dB again, and the sharp drop in the phase at this fre-

quency causes the system to oscillate at half the switching fréquency.

The simple form of the new current-mode model makes it a simple design proce-
dure to avoid current-feedback instability. The approximate control-output
transfer function is very useful for design purposes. Eq. (5.12), which holds for
all converters, allows suitable choice of external ramp to prevent peaking at half
the switching frequency. Choosing a value of @, =1 will achieve this, and the

required external ramp for all converters is given by

1
_71:—+0'5

me=—T]r — (5.13)
Of course, choosing @, =1 is not the only possibility. Other values may be
preferable, depending upon the performance parameters to be optimized for a
given converter. For example, very low line-to-output noise may be required, and |
this can be achieved with different values of external ramp for the buck converter,
as discussed in the next section of this chapter. Lower values of Q, may be de-

sirable for systems with addition zeros in the control-to-output transfer function.

Design strategies can be used where a large external ramp is added to split the
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Figure 5.10. Loop Gain of Buck Converter without an External Ramp: If the
high-Q poles of the system are not damped with an external ramp, in-
troduction of outer-loop feedback can make the system unstable, even
at duty cycles considerably less than 0.5.
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double pole, and use one of them to cancel a zero of the control-output transfer

function.

Fig. 5.7 highlights one of the biggest benefits of current-mode control. If the
phase of the control-to-output transfer function with a value of m, = 1.5 is com-
pared to that of the curve with m, = 32 (approximating voltage-mode control) the
substantial increase in phase is apparent. In the region of 5-10 kHz, where a good
performance control loop would be crossed over, the current-mode system has
over 50 degrees improved phase. This allows a simpler compensator to be used

for current-mode control systems.

Fig. 5.11 shows the comparison between theoretical results predicted by the new
model, and experimental results obtained from the circuit of Fig. 5.2. The agree-
ment between the measured and experimental results is excellent, even beyond
half of the switching frequency. The peaking of the poles at half the switching
frequency is very accurately predicted and matched by the measurements. Limits
on the maximum input of the current mode modulator of the UC3825 control

chip prevented the value of m, from being increased beyond 4.

5.2.3 Audio Susceptibility Transfer Function

The audio susceptibility of the buck converter shows one of the most interesting

properties of current-mode control, and this is one of the motivations for selecting
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Figure 5.11. Control-to-Output Transfer Function - Experimental Results: The very
high Q with no current ramp was accurately predicted by the model, and
matched by the experimental results. Increase of the parameter m, be-
yond a value of 4 was impractical on the experimental converter due to
the limited supply voltage to the current-mode comparator. Larger val-
ues of m; require too large an external ramp.

5. Predictions of the New Current-Mode Control Model 133



this converter as an example of the application of the new current-mode control
model. Fig. 5.12 shows the buck converter model with perturbations in the input
voltage. Notice that the input voltage perturbations are fed into the power stage
by two mechanisms. One is through the small-signal model of the power stage it-
self, where the input source, Gg, is connected to the small-signal 1:D transformer.
A second path is through the control network, into the duty cycle perturbation,
3 (s), via the feedforward gain term, kz. The feedforward term is negative, and
since the controlled source is connected in series with the input voltage source in
the small-signal model, it is possible to have conditions in the circuit where the
net effect of input-voltage perturbations on the output of the small-signal model
is zero. Perturbations at the input of the power stage are cancelled out by equal
and opposite perturbations due to the feedforward of the input voltage through

the control system.

The circuit of Fig. 5.12 allows the expression for the audio susceptibility to be
derived. Assuming that the current-loop has significant gain at the resonant fre-
quency of the output filter, the transfer function can then be approximately fac-
tored. The resulting approximate audio transfer function for the buck converter

is

Zo D []:"CD' —(-Dp2)] F(s)F3s) (5.14)
vg RT + (mcD' - 05)

§
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Figure 5.12. Converter System with Current-Loop Closed and Input
Perturbation: Closing the current loop has a profound effect on the
line-to-output transfer function, due to the gain of the current loop, and
the feedforward term, k.
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where Fj(s) and Fp(s) are given in Egs. (5.9-5.12). Notice that the numerator of
the dc gain of this expression is a difference of two terms. This shows the possi-
bility of nulling the audio susceptibility of the buck converter with suitable con-

trol design and power stage parameters.

Fig. 5.13 shows a series of plots of audio susceptibility for different values of ex-
ternal ramp. The curve with m, =1 corresponds to no external ramp in the sys-
tem, and the curve with m, = 32 corresponds to a very large external ramp,

approximating the characteristics of a voltage-mode system.

With no external ramp, the transfer function shows the same dominant pole of
the control-to-output transfer function, and a pair of high-Q complex poles at
half the switching frequency. Notice that the audio susceptibility is considerably
reduced at most frequencies compared to that of voltage mode control (m, = 32).

This is an important advantage of current-mode control.

As external ramp is added to the system, the audio susceptibility of the buck
converter is reduced, even though the current feedback loop gain, shown in Fig.
5.4, is decreased. This is due to the nulling effect of the feedforward term, k.
Addition of external ramp also damps the peaking of poles at half the switching

frequency.

The decrease in the audio susceptibility continues with further addition of ramp

until the null value of ramp is reached. The null in audio susceptibility occurs
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Figure 5.13. Line-to-Output ( Audio Susceptibility) of the Buck Converter: The
audio susceptibility of the buck converter has the interesting feature of
a null value for the critical value of external ramp. As the external ramp
is increased through the null value, the phase of the audiosusceptibility
changes sign.
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with an external ramp value S, = S¢/2. This null value is also predicted by the
average model of [18] which also had a feedforward term (although different from
that found in this dissertation), and predicted, with some waveform discussion,
in [23]. Average models [5,6,16] without the feedforward term fail to show the

nulling effect.

Choosing the external ramp to null the audio susceptibility can be useful for ap-
plications where output noise is extremely critical. However, the audio suscepti-
bility is very sensitive to changing values of the external ramp around this null
value, and it can be difficult obtain a precise null. It can be seen from the curves
of Fig. 5.13 that small changes in the value of the external ramp cause relatively

large changes in the audio susceptibility around the null value.

At values of external ramp less than the critical value, it is interesting to note that
the audio susceptibility transfer function starts with a phase of -180 degrees at
dc. An increase in the dc value of the input voltage of the converter causes a de-
crease in the output voltage when the current loop is closed with a small external
ramp. The reason for this is clearly demonstrated by the waveforms of Fig. 5.14.
As the input voltage is increased, the peak current is regulated to a constant value
in the case with no external ramp. The current ripple of the converter increases
with the higher input voltage, and hence the average current of the converter

(given by the peak current minus half the ripple current) decreases.
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Figure 5.14. Steady-State Waveforms of the Buck Converter with No External
Ramp: As the input line is increased, the steady-state ripple current is
also increased. Since the peak of the current is regulated, the average
value of the current, and hence the output voltage, is decreased.

5. Predictions of the New Current-Mode Control Model 139



The experimental measurements of audio spsceptibility are shown in Fig; 5.15.
The theory and experiment agree very well with no external ramp, but measure-
ments were difficult to obtain as the audio susceptibility became lower with more
external ramp. Higher frequency measurements below -55 dB were unreliable,
due to noise and grounding problems. However, the nulling effect of the external
ramp was experimentally verified, with the audio susceptibility decreasing to a
very low minimum value, then increasing with more external ramp. The meas-
urements were extremely sensitive around the value m, = 1.5, with small vari-
ations in the ramp causing large changes in the audio susceptibility. The dc phase
of the audio measurement, not shown in this figure, changed from -180 degrees

to zero degrees as the external ramp increased through its null value.

5.2.4 Output Impedance Transfer Function

The output impedance of the buck converter with the current loop closed can be
derived from the circuit model of Fig. 5.16. The input-voltage perturbation in this
figure is zero, and feedforward gain, ky, is not needed. Perturbations in the duty
cycle, 3 , are produced by feedback of the inductor current, and the output volt-
age, via k,. The input perturbation to the circuit is produced by a small-signal
current source, ?,,(s), applied at the output of the converter. The resulting output

impedance transfer function for the buck converter is
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Figure 5.15. Audiosusceptibility of the Buck Converter - Experimental
Results: Experimental measurements confirm the existence of the null
value of the audiosusceptibility, although readings below the circuit noise
level could not be attained. The measurements in the region of the null
are very sensitive to any small changes in the slope of the external ramp.
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T, ,
1+ 7 (m.D" —0.5)

where Fy(s) is given by Eqgs. (5.9-5.10). This expression is accurate when the

current loop has considerable gain at the output filter resonant frequency.

With small ripple current in the converter (i.e. with large L or small switching
period, T;) the low-frequency value of the output impedance is approximately the
dc load resistance, R, agreeing with simple average models. The transfer function
for the output impedance has the same dominant pole as the control-to-output
transfer function, and a zero due to the ESR corner frequency of the output filter
capacitor. The second-order poles at half the switching frequency do not appear

in this transfer function.

Closing the current feedback loop has a strong effect on the output impedance
of the converter. Fig. 5.17 shows the output impedance of the buck converter
with increasing values of m.. The curve with m,=1 is without any external
ramp, and the curve with m, = oo corresponds to voltage-mode control. Even
with high values of m,, and correspondingly low levels of current feedback, there
is a significant effect on the low-frequency asymptote and damping of the
LC-filter resonance. This effect on the low-frequency output impedance is the
one potential drawback of current-mode control. The natural voltage-source
characteristics of voltage-mode control, where the output voltage is relatively in-

sensitive to load current, are not retained. Feedback of the inductor current cre-
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Figure 5.16. Converter System with Current-Loop Closed and Load Current Pertur-
bation: The closed current loop will maintain the peak value of the
current constant, and the output impedance is increased in the presence
of current-mode control.
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ates a soft current source, and a corresponding increase in impedance.
Fortunately, high feedback gain from the output voltage can usually be used in

the system to attenuate the final output impedance to a very low value.

The measured and predicted output impedance, shown in Fig. 5.18, agreed well

with external ramp added to give values of m, from 1 to 4.

5.3 Constant Off-Time Control in CCM

5.3.1 Current-Loop Gain

The model for the constant off-time control is very similar to that of constant-
frequency control, with two significant differences. Firstly, although the current
loop dynamics of the constant frequency and constant off-time converter are the
same, the gain of the modulator in the current-loop, given in Eq. 3.21 is different.
The gain of the current loop of Fig. 5.4 was derived for the constant frequency

case to be

___ L 1+sCR
7‘1. (S)_ RTS mch A(S) He(s)

(5.16)

This is a restatement of Eq. (5.1). It was shown earlier that this transfer function

predicts instability when circuit conditions cause a crossover frequency at half the
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Figure 5.17. OQOutput Impedance of the Buck Converter: Closing the current loop has
the effect of increasing the output impedance of the converter below the
resonant frequency of the filter. This is due to the tendency of the con-
verter to maintain a fixed current when current-mode control is used.
Adding an infinite external ramp reduces the current gain to zero,
showing the voltage-mode characteristics of the power stage.
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Figure 5.18. OQutput Impedance of the Buck Converter - [Experimental

Results: Experimental and predicted measurements agree well.
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switching frequency or higher. The modulator gain of the constant-frequency

converter was found in Chapter 4 to be

1

F,=———
m S, m.T, (5.17)
=1 with no external ramp .
S, T,

The corresponding modulator gain of the constant off-time system without an

external ramp was found to be

(5.18)

It can be seen that the gain of the constant off-time modulator is a factor D’
smaller. This smaller gain is directly reflected in the expression for the current

loop gain for constant off time:

L 1+sCRHs

(5.19)

An interesting feature of this transfer function is that it is independent of the
operating conditions of the converter. This is unlike the constant-frequency con-
verter which had a gain inversely proportional to the complement of the duty

cycle.

A constant off-time control scheme was built for the buck converter described

earlier with a duty cycle of D = 0.45. This was done by using the UC3825 output
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of Fig. 5.2 to trigger a one-shot network which timed the constant off-time, and
reset the timing ramp on pin 6 of the controller. The off-time pulse width was
adjusted to provide a switching frequency of 50 kHz, allowing comparisons with

the constant-frequency converter measurements presented earlier.

The difference in gain of the current loops of the constant-frequency and constant
off-time control schemes can be eliminated by adding an external ramp to the
constant-frequendy control. The value of the ramp added should be equal to the
downslope of the sensed inductor current. Fig. 5.19 shows the results of the
measured current loop gains of the constant-frequency converter with this value
of external ramp, and the constant off-time converter. Both the gain and phase
results are identical, confirming the model of the current loop with the constant
off-time control. Changes in the operating duty cycle of the constant off-time

converter do not affect the measurements presented in Fig. 5.19.

The current loop does not increase its crossover frequency with duty cycle, and
it can never exhibit the subharmonic oscillations associated with constant fre-
quency control. (Strictly speaking, the constant off-time converter can be made
unstable if a negative external ramp is added, with a slope equal in magnitude to
the sensed current downslope. A small negative ramp can be created by inaccu-
racies in current-sensing networks, but a properly designed circuit would not do
this.) The natural stability of the constant off-time control scheme make it pref-

erable to some researchers [37] over the constant-frequency schemes.
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Figure 5.19. Current Loop-Gain Measurement for Constant Off-Time:
loop gain for the constant off-time system is identical to the current-loop
gain with constant-frequency control with an external ramp equal to the
off-slope of the current signal. This loop gain remains invariant with
duty cycle for the constant off-time control, remaining stable under all

conditions.

5. Predictions of the New Current-Mode Control Model

The current

149



5.3.2 Control-to-Output Gain

It was shown earlier that the small phase margin of the current loop gain was
seen in the control-to-output gain in the form of a pair of poles at half the
switching frequency. The Q, of these poles, given in Eq. 5.12, was a function of
the operating conditions of the power supply, and the value of external ramp

added.

The current loop gain of the constant off-time system was shown to be invariant
with duty cycle, and an external ramp is not needed for stability. Furthermore,
it was shown that the current loop gain of the constant off-time system is exactly
equal to that of the constant frequency system with an external ramp equal to the

downslope of the sensed inductor current. This ramp value can be expressed as

S, = Sy= % S, (5.20)

The value of the ramp parameter, m,, for this condition is then

Se D
m—l+TS:;'—l+D,—

(4

1
> (5.21)

The damping of the poles at half the switching frequency was derived in Eq. 5.12.
Substituting the value of external ramp parameter found above, a fixed value of

quality factor, @y, is found
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0,=2 (5.22)

The fixed value of the quality factor of these poles again illustrates the reason for

the stability of the constant off-time controller.

The only difference in the control-to-output response of the constant frequency
converter with the appropriate value of external ramp, and the constant off-time
converter is due to the modulator phase term, F,, in Fig. 4.5. For constant fre-
quency control, this term was unity. For constant off-time control, this term
shows a phase lead, proportional to the duty cycle and the switching frequency.
With duty cycles close to zero, the phase lead is negligible at frequencies up to
half the switching frequency. With duty cycles close to unity this term gives al-

most ninety degrees phase lead at half the switching frequency.

The control-to-output was measured for the two control schemes at a duty cycle
of D = 0.1, and the results are plotted in Fig. 5.20. The gain of the two curves
are almost identical, showing the same dominant pole, given by Eq. 5.9, and the
double pole at half the switching frequency with the same quality factor. The
phase of the transfer functions does differ slightly due to the small phase lead

(about 5°) of the constant off-time modulator.

Figs. 5.21 and 5.22 give circuit predictions and measurements, showing how the
new model for constant off-time control accurately predicts the phase lead due to

the modulator The duty cycle for the plots of Fig. 5.21 was D = 0.1, and that for
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Figure 5.20. Control-to-Output Measurement for Constant-Frequency and Constant
Off-Time, D=0.1: For very low duty cycles, these transfer functions
are almost identical. The phase lead introduced by the modulator is
small at low duty cycles, less than 10° at half the switching frequency.
Like the constant-frequency control system, this transfer function has a
pair of poles at half the switching frequency. These poles have a fixed
Q of 2/n, regardless of duty cycle.
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the plots of Fig. 5.22 was D =0.4. In both of these figures, the measurements
and predictions agree very well up to half the switching frequency. Comparison
of the phase of these two figures clearly indicates how the modulator phase lead
is increased with duty cycle. There is approximately thirty degrees phase differ-

ence between the two measurements at half the switching frequency.

The existence of phase lead in the constant off-time modulator is a phenomenon
not previously discussed in the literature. Based upon the work in [36] for
constant-frequency, naturally-sampled modulators, it is often assumed that
naturally-sampled, variable-frequency schemes would be similar. The model of
Fig. 4.5 for constant off-time control also predicts that the voltage-mode control
system will have the same phase lead effect as the current-mode system. Again,

this has not been remarked upon in the literature.

Measurements of current-mode and voltage-mode systems are presented in Fig.
5.23. Like the constant-frequency measurements of Fig. 5.7, the phase of the
voltage-mode and current-mode systems are coincident at the power stage reso-
nant frequency, and at half the switching frequency. Comparislon of the phase
of Fig. 5.23 and Fig. 5.7 with large external ramp shows clearly the phase lead

of the constant off-time system for voltage-mode control.
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Figure 5.21.

Control-to-Output Measurement and Theory for Constant Off-Time,
D=0.1: Measurement and theory agree very well for this transfer
Junction up to 25 kHz, half the switching frequency.
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Figure 5.22. Control-to-Output Measurement and Theory for Constant Off-Time,
D=0.4: At higher duty cycles, the effect of the modulator phase lead
F; becomes significant. The double pole at half the switching frequency
is still present in this transfer function.
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Figure 5.23. Control-to-Output Measurement for Voltage-Mode and Current-Mode
Control: The modulator phase characteristics also affect voltage mode
control, obtained when the current sense resistor, R, is zero. The inter-
section of the phase of the current-mode system and the voltage-mode
system at half the switching frequency is further experimental confir-
mation of the existence of the double pole at half the switching frequency
in the current mode transfer function.
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5.4 Constant-Frequency Control in DCM

The models obtained in Chapter 4 for for DCM converters give several interest-
ing predictions. The buck converter is especially interesting since it has a positive
feedback term for k, which can cause instability under the correct conditions.
This effect has been noted previously in [42]. The control-to-output transfer
function of the buck converter in DCM with constant-frequency control is easily

obtained from the circuit diagram of Fig. 5.24.

This gain is given by

= n (5.23)
v

¢ 1—kF,—>
d

rm

A
The transfer function for the power stage, v—:, can be found from the PWM

d
switch model for DCM operation to give [15]

S
Yo g S (5.24)
~=H, ; ; :
d (I+ o )1+ 7 )

where
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Figure 5.24. Circuit for Control-to-Output Derivation for the Buck Converter in
DCM: The power stage operating in DCM is replaced with the PWM
switch model of Fig. 4.10, and the feedforward gain k, is given in Table
4.7. Feedforward gain ks does not appear since input perturbations are
zero. Feedback of the inductor current does not explicitly appear in the
small-signal model.
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2V, 1—-M
Hy=-5->—4 (5.25)
1
0,1 = =5 (5.26)
C
1 2-M
“Pn=CRT-M (5:27)

M 2
wp2 = ZFS( F ) (5.28)

Substituting for each of the gains in Eq. (5.23), and realizing that w,; < < w;

and wp) < < wpy2, the control-to-output is derived to give:

A 1 S
Zo_FH, - MR . (5.29)
Vc (1 + a)plr )(1 + wpz )
where
2m. V., 1—M
H =—=¢o 5.30
¢ D  2m,— Q2+ mcM (5.30)
o=l 2m, — (2 + m )M (5.31)
PP CR  m(l-M)

This transfer function shows the behavior of the constant-frequency buck con-

verter with current-mode control in DCM. The instability mechanism is quite
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different from that observed with CCM. The low-frequency pole of Eq. (5.29),
wp1’, is a function of the conversion ratio, M, of the converter. If no external
ramp is used (m, = 1), the pole moves to the origin at a conversion ratio of two-
thirds, and into the right-half plane for higher conversion ratios. The observed
unstable behavior of the converter is quite unlike the constant-frequency system
where the approach of instability was manifested by high-Q double poles at half
the switching frequency. These double poles cause ‘jitter’ to be observed in the
waveforms as instability is approached. The DCM converter, on the other hand,
starts to show very high low-frequency gain as the single pole approaches the or-
igin. At the point of instability, the converter saturates as the pole moves into the
right-half-plane. The instability can be mitigated by the addition of an external
ramp, allowing higher conversion ratios. The use of the external ramp is recom-

mended under all conditions for a buck converter with current-mode control.

The buck converter described in section 5.2 of this dissertation was run with the

following parameters in discontinuous conduction mode:

R =6.25Q V=25V

The conversion ratio, and hence the output voltage of the DCM converter, was

varied for the control-to-output measurements.

Fig. 5.25 shows predictions given by the transfer function of Eq. (5.29), and ex-
perimental measurements for the control-to-output transfer function with the

current loop closed. From the gain curves for M=0.2 and M =0.64, the mi-
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gration of the low-frequency pole towards the zero-frequency axis as the conver-
sion ratio increases can clearly be seen. The low-frequency phase plots also
confirm this pole movement. The measurements and theoretical data agree well
for low values of M at all frequencies. For higher values of M, the measurements

deviated from theory at higher frequencies.

It should be pointed out that the buck converter was very difficult to hold stable
under conditions with M close to two-thirds. In addition to the low-frequency
pole which made the dc gain of the system very high, parasitic ringing of device
capacitance when the inductor current went to zero seemed to affect the meas-
urements, even when these parasitics were minimized and snubbed. These effects

may have caused the deviations at higher conversion ratios.

5.5 Conclusions

In this chapter, the application of the new small-signal model to a buck converter
is described, with many important new conclusions about current-mode systems.
The current-loop gain was shown to have an instability which is clearly explained
by the small-signal model which shows a pair of RHP zeros at half the switching
frequency. As the crossover frequency approached the theoretical maximum, the
Nyquist frequency, the phase dropped to -180 degrees. The increase in gain of the

current loop with conventional constant-frequency control occurs with increasing
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Figure 5.25.
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Control-to-Output Transfer Function for Buck Converter (DCM): As
the conversion ratio of the converter increases, the dominant pole of the
system moves towards the zero axis. When the conversion ratio exceeds
0.67, this pole crosses into the right-half plane, and the system becomes

unstable.
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duty cycle. The decreasing phase margin approaching this point clearly shows
the cause of the onset of oscillations. The current-loop gain of constant on-time
and off-time systems is of exactly the same form as the constant-frequency sys-

tem, but the gain does not change with frequency, and the loop is always stable.

The RHP zeros in the current loop manifest themselves in the control-to-output
transfer function as a pair of poles at half the switching frequency. For all con-
verters with constant-frequency, current-mode control, the expression for these

poles is given by

Fy(s) = ; (5.32)
1+—=—+35
anp (03
where
1
= 33
QP n(m, D’ — 0.5) (5.33)

This very simple expression is easy to use for design of the appropriate external

ramp of the system.

The presence of three poles in the control-to-output transfer function of two-state
converters explains why there was so much confusion in the past about different
average models. Researchers argued the merits of two-pole systems versus one-
pole systems, when in reality a three-pole model is needed for accurate pred-

ictions. The additional pole of the system does not complicate the design of the
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converter or the use of the new model compared to previous models. Instead, it
clearly explains for the first time the true nature of the phenomena of current-

loop instability.

The presence of the pair of complex poles also showed clearly how the current-
mode system can become unstable at duty cycles considerably less than 0.5, when
output feedback compensation is added. The expression for the complex poles

shows how to avoid this situation.

The audio susceptibility of the buck converter could be nulled with the appro-
priate value of external ramp, confirming observations in earlier works. Few of
the previous average models were capable of predicting this result. Feedforward
terms from the input voltage are required in the model, and although these exist
in some average approaches, the values of these terms were found to be different

in the new model.

The new model was also applied to DCM operation, showing how the buck con-
verter could have a RHP pole with higher conversion ratios. It was shown how

an external ramp could be used to stabilize this system.
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6. Conclusions

A new small-signal model has been derived for current-mode control in
continuous-conduction mode and discontinuous-conduction mode. The new
model provides improved accuracy at low frequencies and at high frequencies
compared to existing average models. It retains all of the adyantages of simplicity
and ease-of use of popular continuous-time models with polynomial pole-zero

representations.

Sampled-data modeling was used for exact analysis of the current-mode cell
which is basic to all PWM converters with current-mode control. The usual
complexities involved with sampled-data modeling were avoided by applying this
analysis to just the first-order system which requires the accurate high-ffequency
modeling. The result obtained from the sampled-data analysis was then further
simplified by an approximate polynomial transfer function. An invariant

second-order expression provided remarkable accuracy at frequencies from dc to
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half the switching frequency. The analysis was completed by modeling the affects

of changing voltages across the current-mode cell with two feedforward gains.

The second-order approximation to the one-state, sampled-data results provides
several new observations for the current-mode converter. Firstly, the current-
loop gain of the converter was shown to have a pair of RHP zeros at half the
switching frequency which shows the possibility of instability in this loop. The
phase margin of the current loop goes to zero as the crossover frequency goes to
half the switching frequency. This is completely consistent with Nyquist sampling

theory.

The low phase margin that exists in the current loop under some conditions
produces a pair of complex poles in the control-to-output transfer function at half
the switching frequency. The damping of these poles is predicted by a very simple
expression which can then be used to select the correct external ramp for the

system.

The three-pole transfer function for two-state converters clearly explains why
previous average models, which had at most two poles, could not be satisfactorily
used for this system. Much debate in the past has revolved around the position
of the second pole of the system, or whether it was even needed at all in the model
since it was assumed to be at very high frequency. It is now clear that two high-

frequency poles are required for accurate modeling, and the system can only be
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approximated with one high-frequency pole if an inordinately large external ramp

is added to the current-mode modulator.

The new model was extended to variable-frequency control schemes which do not
generally have the problem of an unstable current loop. It was shown that even
these systems have the same RHP zeros in the current loop, but they remain
stable since the current-loop gain does not change with operating conditions. An
interesting observation of modulator phase-lead was also made for the variable-
frequency schemes used in this dissertation. This effect has not been discussed in

the literature before with respect to power electronics.

Other effects which have been seen in the past have also been explained. The
observation that the audio susceptibility of a buck converter can be completely
nulled with an appropriate value of external ramp was confirmed by the new
model. This can only happen with a model which has feedforward terms from the
input voltage. The feedforward terms are an integral part of the new model, but

not of all previous averaging models.

The DCM model for current-mode control is very simple. Assuming that the
power stage model is accurate, only feedforward terms are required in the
current-mode model. The current loop does not even appear explicitly in the
small-signal model. No sampled-data modeling was required for the current-mode
feedback in DCM. Application of the new model to the buck converter in DCM

showed how the converter could be unstable at high conversion ratios.
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The new small-signal model is very easy to use for converter design and analysis.
To facilitate its use, appendices have been provided to summarize important re-
sults and give equivalent circuit models for computer simulation. Since the new
model retains the original power stage model and the duty cycle control parame-
ter, it can be applied to any converter with either voltage-m‘ode or current-mode

control.
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Appendix A - Summary of Results

A.l Introduction

The detailed analysis of Chapters 3 and 4 of this dissertation resulted in the der-
ivation of new small-signal models for current-mode control. The important ele-
ments of the new models are summarized for convenience in this appendix for

both continuous- and discontinuous-conduction modes.

A.2 Continuous-Mode Model

The new circuit model for current-mode control is shown in Fig. A.l1 for

continuous-conduction mode operation. The power stage model is provided by

Appendix A - Summary of Results 169



>

0
Vg _| POWER STAGE

MODEL i

T ;

Fm
A N + , A
Von kf + + kl’ Voff

(P;—He(s) - R; =

+
FC
v

c

Figure A.1. Small-Signal Model for Continuous-Conduction Mode: The model
shown in this figure is invariant for all PWM converters, and can be used
for current-mode or voltage-mode control (Ri=0). All transfer func-
tions, including the current-loop gain, can be generated with this model.
Parameter values for the model are given in Table A.1 for the different
modulation strategies.
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the PWM switch model, described in Chapter 2, and derived in [15]. The impor-
tant terms of the model of Fig. A.l1 are the modulator gain, F,,, the sampling gain,

H,(s), and the gains, k/ and k,’, from the on-time and off-time inductor voltages.

This form of the new current-mode model is the most convenient representation
since the gains of the model are invariant for all converters for a given modu-
lation scheme. An alternative form of the model, given in Fig. 4.6, uses gain terms
from the input and output voltages of the specific power stage, resulting in an

equivalent model which changes for each power stage topology.

Table A.l1 summarizes the parameter values for the model of Fig. A.l, for the
four different implementations of current-mode control discussed in this work.
For most readers of this dissertation, the control scheme used is constant-
frequency with a clock initiating the on-time, and only the parameters in the first
column of the table are needed. Also, for the constant-frequency control schemes,

the modulator gain block, F, is not needed since it has a value of one.

The model of Fig. A.l is quite universal. It can be applied to any PWM converter
which can be modeled with _the PWM switch, and can be used for either
current-mode or voltage-mode control. With voltage-mode control, the feedback
gain term R;=0, and the current feedback loop is open. Notice that the other
parameters, k/ and k,’, are also zero with voltage-mode control, leaving just the

modulator gain, F,, and Fg, in the voltage-mode model.
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Parameter Values for Continuous-Conduction-Mode

TABLE A.1

Constant Frequency | Constant Frequency | Constant Constant
Trailing Edge Leading Edge Off-Time On-Time
K |- DT R; [1 _2] B D2T; R; _ DT R; _ DT, R
L 2. 2L L 2L
L D2T¢ R; D'T; R; [1 _ D ] D'T; R; D'T; R;
i’ 2L L 2 2L L
F 1 1 D’ D
i (Sn + Se)Ts (Sr+ Se)Ts SnTs ST
F, 1 1 esDTy/2 osD'Ts)2
s 52 _ =2 _n
H,(s) 14+ on0s + o2 Q;=—5— Wy = T,

A.3 Discontinuous-Mode Model

Fig. A.2 shows the small-signal model for discontinuous-conduction mode. This
model is much simpler than that for the continuous conduction mode, consisting

of the power stage model, modulator gain, and a feedforward term, k¢, from the
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Figure A.2. Small-Signal Model for Discontinuous-Conduction Mode: This invari-
ant model is used for all converters in DCM. It is valid for both
current-mode and voltage-mode control. Notice that the current feed-
back does not explicitly appear in the model. Parameter values for the
model are given in Table A.2.
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on-time voltage across the inductor. The current feedback loop does not explicitly

appear in this model.

Table A.2 gives the parameter values associated with the model of Fig. A.2. Only
two control schemes are modeled since constant on-time and constant-frequency
with a clock initiating the off-time cannot be used with cﬁrrent-mode control in
DCM. Both of these schemes use feedback of the inductor current at the end of
the off-time of the converter. In DCM, of course, the current is zero at this time.

TABLE A.2
Parameter Values for Discontinuous-Conduction-Mode

Constant Frequency| Constant Off-Time

1 D’
(Sn + Se) Ts SHTS

F, 1 esDTs[2

_ DT R
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Appendix B - PSPICE Modeling

B.1 Introduction

The derivations used in Chapters 3 and 4 of this dissertation are fairly involved.
However, the resulting small-signal model, and the approximations to the sampl-
ing function, are very simple. This leads to convenient representations of the
current-mode control model, summarized in Appendix A, which can very easily

be implemented in PSpice [43], or any other circuit simulation program.

This appendix provides the listings of PSpice models for a generic controller for
any PWM converter which can be modeled with the PWM switch, using
constant-frequency control with a clock initiating the on-time. The controller can
be used for either current-mode, or voltage-mode control, and listings are pro-

vided for both continuous-conduction mode and discontinuous-conduction mode.
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For many readers, this appendix is the most important part of this dissertation.
It provides a simple model which can be readily applied to a converter, without

detailed understanding of the derivations of this work.

B.2 Universal PWM Control Module

Fig. B.1 shows the functional diagram of the controller for either voltage-mode,
or current-mode control. The subcircuit of the controller, called PWMCCM,
contains the PWM switch model, modulator gain, F,,, current feedback and

sampling gains, R; and H,(s), and feedforward terms, k/ and k,’.

Five external connections must be made to the controller. These are the active
terminal connection, the passive terminal connection, the common terminal, the
control voltage input, and the voltage from the far side of the power stage
inductor from the common terminal. This final connection is required to provide
the inputs to the gain terms, k/ and k,’. Notice that the on-time voltage is now
denoted by {)\ac', where ¢’ is the external connection to the far side of the inductor
of the power stage. The off-time voltage is given by \'z\c'p. The connection ¢’ is

shown more clearly in Fig. B.3.
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Figure B.1. Small-Signal Controller Model for Voltage-Mode and Current-Mode
Control in CCM: The new controller model, referred to as PWMCCM,
incorporates the feedback control and power stage PWM switch into one
convenient subcircuit. Five connections must be defined for the subcircuit.
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Figure B.2. Small-Signal Controller Model for Voltage-Mode and Current-Mode
Control in DCM: The controller model, referred to as PWMDCM,
incorporates the feedback control and power stage PWM switch model
Sor discontinuous conduction mode into one convenient subcircuit.
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Fig. B.2 shows the controller module for discontinuous conduction mode. The
power stage switch model for DCM is used, and the controller only needs the
modulator gain, F,,, and the feedforward gain, k/. Notice that the notation on
the PWM switch model for DCM operation is different from that originally used
in [15). The conductances of the model have been changed to resistances, and the
names of the sources are changed to be consistent with units and the PSpice
models given below. The model behaves exactly the same as the original PWM

switch model for DCM.

Fig. B.3 shows how the controller subcircuit, PWMCCM, is connected to the four
most common types of converter. (For discontinuous conduction mode, the circuit
diagrams remain the same, but the PWMDCM model is used.) The universal
form of the model requires that conventions must be followed in its use. The
current sensing implemented is referred to the inductor current flowing out of the
common terminal of the switch. For the boost converter, the standard way to
draw the circuit is with the current flowing info the common terminal. The circuit
conforms to the required conventions if the value of R; is negative. This also af-

fects the polarity of k/ and k,’ of the boost model.

The Cuk converter is a circuit where the sum of two inductor currents is con-
trolled. In this case, the parallel combination of the two inductors of the circuit
is used in calculating k¢ and k,’, and the modulator gain, F,,. Also, the position
of one of the inductors must be moved, as shown in Fig. B.3d, to provide the

correct connection to the PWMCCM subcircuit.
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Figure B.3. Small-Signal Controller Placed in Different Converters: Connections

PWMCCM

3m

of the controller of Fig. B.1 in four types of PWM circuits are shown.
Care must be taken with polarities of current sensing for the boost con-
verter, and with the correct value of equivalent inductance for the Cuk

converter.
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* Buck Converter Model. R. Ridley *
hkhkkkkkkhkkkkkkkhkhkkkkhkhkhkhkhkkkkkhkkhkhkkkdhkk

Vin
R1
L
Rc
Cc
R
Vc
X1

LAC

. PROBE

* PWMCCM

1

RPERPOOO NN

DEC

o oNeoNoN N N Nel

2
25

AC 0

0.02

37.5uH

0.02

400uF

1

AC 1
5 11 PWMCCM
10HZ 50KHZ

Active Passive Common Inductor Control

.SUBCKT PWMCCM 1 2 3 4 5
* Switch model: E2=Vap/D Gl=Ic Fxf=D Exf=D
E2 7 117 O 24.44
Gl l1 217 O 5.0
Fxf 7 2 Vxf 0.45
Exf 9 2 7 2 0.45
Vxf 9 3 0
Rvc 5 0 1G
* He(s) Circuit values: L1=C1l=C2 = Ts/Pi
Hi 10 O Vx£ 1
Cl 10 12 6.37uF
L1 12 13 6.37uH
c2 13 14 6.37uF
Re 14 15 -1.57
El 15 0 12 0 -1Ee6
R2 12 O 1G

* Summing Gains:
Ed 16 0 Poly(4) 1,4 4,2 15,0 5,0 0 -0.0614 0.0266 0.33 1
Rd 16 0 1G

* Modulator gain. Fm = L/(VacMcTsRi) = 1/(Vp + VacTsRi/L)

EFm

RFm
.ENDS
.END

17
17

0 16
0

0 Kf! Kr! Ri 1

0 0.939
1G

Figure B.4. PSpice Listing for the CCM Buck Converter Example of Chapter
5: This file was used with the parameters shown to generate the
control-to-output curve of Fig. 5.7 with no external ramp (m.=1). The
listing here gives the connections of the buck converter to the controller.
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The model listings of four converters are provided in this appendix. In each of the
models, the parasitic resistances of the inductors are included to provide a more
realistic model. It is a very simple task to create the files for other converters

which use the common small-signal controller model.

The listing is given in Fig. B.4 for the buck converter example used in Chapter
5. The specific set-up and parameter values shown are for generating the
control-to-output curve of Fig. 5.7 with no external ramp (m. = 1). Fig. B.5 re-
peats the buck converter listing to show which values must be entered into the

model by the user when modeling a different circuit.

The listing given in Fig. B.6 is for the buck converter example used in Chapter 5
in discontinuous mode. The specific set-up and parameter values shown are for
generating the control-to-output curve of Fig. 5.25 with a conversion ratio of
M = 0.2). Fig. B.7 repeats the DCM buck converter listing to show which values

must be entered into the model by the user when modeling a different circuit.

Figs. B.8-B.10 give the listings for boost, flyback, and Cuk converters. Each of
these different power stages uses the same PWMCCM subcircuit with the ap-
propriate values. The discontinuous-mode model is obtained by using the sub-

circuit PWMDCM.
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* Buck Converter Model. R. Ridley *
hkhkkhkhkkhkhkhkkkhkhkhkhkkhkhkkhhkkhkkkkhkkkhkkkhkkkkk

Vin 1 0 AC 0
R1 2 4 #4#
L 4 5 ##
Rc 5 6 ##
C 6 0 ##
R 5 0 ##
Ve 11 O AC 1
X1l 1 0 2 5 11 PWMCCM
LAC DEC 25 10HZ 50KHZ
. PROBE
* PWMCCM: Active Passive Common Inductor Control
.SUBCKT PWMCCM 1 2 3 4 S
* Switch model: E2=Vap/D Gl=Ic Fxf=D Exf=D
E2 7 117 O ##
Gl 1 217 O ##
Fxf 7 2 vxft ##
Exf 9 2 7 2 ##
Vxf 9 3 0
Rve 5 0 1G

* He(s) Circuit values: L1=Cl=C2 = Ts/Pi
Hi 10 O vx£f 1
Cl 10 12 ##
L1 12 13 ##
c2 13 14 ##

Re 14 15 -1.57
El 15 0 12 0 -1Eé6
R2 12 O 1G
* Summing Gains: 0 Kf! Kr!' Ri 1
Ed 16 0 Poly(4) 1,4 4,2 15,0 5,0 0 4 ## ## 1

Rd 16 0 1G
* Modulator gain. Fm = L/(VacMcTsRi) = 1/(Vp + VacTsRi/L)
EFm 17 0 16 0 ##
RFm 17 O 1G
.ENDS
.END

Figure B.5. PSpice Listing for a Buck Converter in CCM: This file can be used for
any buck converter to be modeled. Parameters marked with ## must be
supplied by the user.
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* Buck Converter Model. R. Ridley *
kkhkhkkkhkhkhkkhkhkhkkkhkkkkkkhkhkkhkkkhkhkhkkrkkkkk

Vin 1 0 AC (0]
R1 2 4 0.05
L 4 5 37.5uH
Rc 5 6 0.02
C 6 O 400uF
R 5 0 6.25
Ve 11 0 AC 1
X1 1 0 2 5 11 PWMDCM
.AC DEC 25 10HZ S5O0KHZ
. PROBE
* PWMDCM: Active Passive Common Inductor Control
.SUBCKT PWMDCM 1 2 3 4 5
* Switch: ri=Vac/Ia Gdi=2Ia/D gf=2Ip/Vac Gdo=2Ip/D ro=Vcp/Ip
ri 1 3 125
Gdi 1 317 0 2
gf 2 3 1 3 0.064
Gdo 2 3 17 0 8
ro 2 3 7.81
Rve 5 O 1G
* Summing Gains: 0 Kf! 1

Ed 16 0 Poly(2) 1,4 5,0 0 -0.0282 1
Rd 16 0 1G
* Modulator gain. Fm = L/(VacMcTsRi) = 1/(Vp + VacTsRi/L)
EFm 17 0 16 O 0.284
RFm 17 O 1G
.ENDS
.END

Figure B.6. PSpice Listing for the DCM Buck Converter Example of Chapter
5: This file was used with the parameters shown to generate the
control-to-output curve of Fig. 5.25 with a conversion ratio of M = 0.2.
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* Buck Converter Model. R. Ridley *
dhkkdkhkdkhkhkhkkhkhkhkhkdkhhhkhkhhkhkhkhkhkhhkhkhkhkhkkkkkk

Vin 1 O AC 0
R1 2 4 ##
L 4 S5 ##
Rc 5 6 ##
C 6 O ##
R 5 0 $#
Ve 11 O AC 1
X1 l1 0 2 5 11 PWMDCM
<AC DEC 25 10HZ S50KHZ
. PROBE
* PWMDCM: Active Passive Common Inductor Control
. SUBCKT PWMDCM 1 2 3 4 5

* Switch: ri=Vac/Ia Gdi=2Ia/D gf=2Ip/Vac Gdo=2Ip/D ro=Vcp/Ip
ri 1 3 ##

Gdi 1 3 17 o0 ##
gf 2 3 1 3 #¢
Gdo 2 317 0 ##
ro 2 3 ##
Rve 5 0 1G
* Summing Gains: o Kf! 1

Ed 16 0 Poly(2) 1,4 5,0 0 ## 1
Rd 16 0 1G
* Modulator gain. Fm = L/(VacMcTsRi) = 1/(Vp + VacTsRi/L)
EFm 17 O0 16 O ##
RFm 17 O 1G
.ENDS
.END

Figure B.7. PSpice Listing for a DCM Buck Converter: This file can be used for
any buck converter in DCM to be modeled. Parameters marked with ##
must be supplied by the user.
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* Boost Converter Model. R. Ridley *
kkhkkhkhkhkhkkhkhkhkhkhkkhkkhkhkkhkkhkhkhkkkdhkkdkkkk

Vin 1 0 AC 0

R1 1 2 ##

L 2 4 ##

Rc 5 6 ##

C 6 0 ##

R 5 0 ##

Ve 11 O AC 1 ‘ '

X1 0 5] 4 1 11 PWMCCM

.AC DEC 25 10HZ S5O0KHZ

. PROBE

* PWMCCM: Active Passive Common Inductor Control

.SUBCKT PWMCCM 1 2 3 4 S

* Switch model: E2=Vap/D Gl=Ic Fxf=D Exf=D
E2 7 117 O ##
Gl 1 217 O $##
Fxf 7 2 vxf ##
Exf 9 2 7 2 ##
Vvxf 9 3 0
Rve 5 0 1G

* He(s) Circuit values: L1=Cl=C2 = Ts/Pi
Hi 10 O Vxf£ 1

Cl 10 12 ##
L1 12 13 #4#
c2 13 14 ##
Re 14 15 -1.57
El 15 0 12 0 -1E6
R2 12 0 1G
* Summing Gains: 0 Kf? Kr! Ri 1
Ed 16 0 Poly(4) 1,4 4,2 15,0 5,0 0 ## ## ## 1

Rd 16 0 1G
* Modulator gain. Fm = L/(VacMcTsRi) = 1/(Vp + VacTsRi/L)
EFm 17 0 16 O ##
RFm 17 O 1G
.ENDS
.END

Figure B.8. PSpice Listing for a Boost Converter in CCM: This can be used to
generate the transfer functions of a boost converter. Parameters marked
with ## must be filled in for the circuit being modeled. Care must be
taken with the polarity of the current sensing. The conventional boost
circuit polarities shown, for example, in Fig. B.3 should have a negative
value for R, since the defined inductor current flows into the common
terminal.
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* Flyback Converter Model. R. Ridley *
khkkhhkkhkhkkhkhkhkhkhkhkkhkhkhkkhkhkkhkhkhkkkkhkkkkkkk

Vin 1 0 AC 0
R1 3 2 ##
L 2 0 ##
Rc 5 6 $#
c 6 0 ##
R 5 0 ##
Vc 11 O AC 1
X1 1 5 3 0 11 PWMCCM
AC DEC 25 10HZ 50KHZ
. PROBE
* PWMCCM: Active Passive Common Inductor Control
.SUBCKT PWMCCM 1 2 3 4 S
* Switch model: E2=Vap/D Gl=Ic Fxf=D Exf=D
E2 7 117 O ##
Gl 1 217 O 4
Fxf 7 2 vxf ##
Exft 9 2 7 2 ##
vxf 9 3 0
Rvc 5 0 1G
* He(s) Circuit values: L1=C1=C2 = Ts/Pi
Hi 10 0 Vxft 1
Cl 10 12 ##
L1 12 13 ##
c2 13 14 ##
Re 14 15 -1.57
El 15 0 12 0 -1Eé6
R2 12 O 1G
* Summing Gains: 0 Kf! Kr! Ri 1
Ed 16 0 Poly(4) 1,4 4,2 15,0 5,00 ## ## ## 1
RAd 16 0 1G

* Modulator gain. Fm

EFm

RFm
-ENDS
.END

Figure B.9.

Appendix B - PSPICE Modeling

L/ (VacMcTsRi) = 1/(Vp + VacTsRi/L)

17 0 16 0  ##
17 0 16
PSpice Listing for a Flyback Converter in CCM: This data file can be

used to generate the transfer functions of a flyback converter. Parame-
ters marked with ## must be filled in for the circuit being modeled. The
output of the flyback converter is negative, and this must be taken into
consideration when designing the feedback circuit model.
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* Cuk Converter Model. R. Ridley *
Ihkhkhkhhhkhkhkhkhkhhkhhkhhhkhkhhkhkhkhkhhkhkhkhkhkhkhkk

vVin 2 1 AC 0
R11 1 3 ##
Ll 3 0 ##
Cc 2 4 ##
R12 4 7 ##
12 7 S ##
R 5 0 ##
Rc 5 6 ##
c 6 O ##
Vc 11 O AC 1
X1 2 4 0 1 11 PWMCCM
.AC DEC 25 10HZ 50KHZ
. PROBE
* PWMCCM: Active Passive Common Inductor Control
+.SUBCKT PWMCCM 1 2 3 4 5
* Switch model: E2=Vap/D Gl=Ic Fxf=D Exf=D
E2 7 117 O© ##
Gl 1 217 O ##
Fxf 7 2 vx£f ##
Exf 9 2 7 2 ##
vxf 9 3 0
Rve 5 0 1G
* He(s) Circuit values: L1=C1=C2 = Ts/Pi
Hi 10 O vxft 1
Cl1 10 12 ##
L1 12 13 ##
c2 13 14 ##
Re 14 15 -1.57
El 15 012 0 -1lE6
R2 12 O 1G
* Summing Gains: 0 Kf' Kr'
EA 16 0 Poly(4) 1,4 4,2 15,0 5,00 ## ##
R4 16 0 1G .
* Modulator gain. Fm = L/(VacMcTsRi) = 1/(Vp + VacTsRi/L)
EFm 17 0 16 O ##
RFm 17 O 1G
.ENDS
.END

Ri
##

1
1

Figure B.10. PSpice Listing for a Cuk Converter in CCM: This data file can be
used to generate the transfer functions of a Cuk converter. Parameters
marked with ## must be filled in for the circuit being modeled. The
output of the Cuk converter is negative, and this must be taken into

consideration when designing the feedback circuit model.

Also, the

common current is the sum of the inductor currents; the parallel com-

bination of inductances must be used in calculating Frn, kf and k,'.
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Appendix C - Definition of Symbols

This appendix provides a reference for the common symbols used in this disser-
tation. Upper-case variables refer to steady-state or dc conditions, lower case de-
notes the continuous variable, and lower case with a caret is the small-signal

perturbation around steady-state.

o Discrete-time pole of current cell
Duty cycle
a Complement of duty cycle 1 — d
A(s) Denominator of power stage transfer functions
/e Crossover frequency
F, Phase of duty cycle modulator
Fa(s) High-frequency double pole with closed current loop
Fi(s) Duty-cycle-to-inductor-current gain
Fo Duty cycle modulator gain
Fp(s) Average dynamics with closed current loop
F; Switching frequency
g Forward conductance of DCM model
Gy Control input source of DCM model
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Gdo
Hy
H(s)

Control output source of DCM model

DC gain of buck power stage in DCM

Equivalent sampling-gain block in current feedback
Current into the active terminal

Current into the passive terminal

Current out of the common terminal

Inductor current, same as i,

Feedforward gain from input voltage to duty cycle
Feedforward gain from on-time voltage to duty cycle
Feedforward gain from output voltage to duty cycle
Feedforward gain from off-time voltage to duty cycle
External ramp parameter

Pulse width

Q of double poles at half switching frequency

Q of poles of power stage filter

Q of zeros of approximate sampling gain

Input resistance of DCM model

Current-sensing gain

Output resistance of DCM model

External ramp slope

Magnitude of off-time slope of current-sense signal
Magnitude of on-time slope of current-sense signal
Off-time of power switch

Current loop gain

Current loop gain without sampling model

On-time of power switch |

Switching period

Half switching frequency in radians/sec

Power stage filter resonant frequency in radians/sec
Dominant pole with closed current loop

First pole of open-loop DCM converter
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Zo(s)

Second pole of open-loop DCM converter
Voltage from active (+) to common terminal (-)
Voltage from active (+) to inductor (-)

Voltage from active (+) to passive terminal (-)
Control voltage

Voltage from common (+) to passive terminal (-)
Voltage from inductor (+) to passive (-).
Converter input voltage

Converter output voltage

Voltage across inductor when diode is on
Voltage across inductor when switch is on
Output impedance
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A More Accurate Current-Mode Control Model

Dr. Ray Ridley
Ridley Engineering, Inc.

Abstract

For working power supply engineers, the Unitrode handbook is often the
standard reference for control analysis. This paper gives a very simple extension
to the existing Unitrode models that accounts for the subharmonic oscillation
phenomenon seen in current-mode controlled converters. Without needing any
complex analysis, the oscillation phenomenon, ramp addition, and control
transfer function are unified in a single model.

I. Introduction

This paper provides the simple results needed
to augment the existing single-pole model
typically used for current-mode control.
These results will allow you to:

1. Model and predict control transfer
functions with greater accuracy.

2. Select the proper compensation ramp.

Use a single small-signal model for both
transfer functions and current loop
stabilization.

4. Decide when you need to add a ramp to

your power circuit, and how much to add.

The analytical results presented here are the
result of complex modeling techniques using
sampled-data. Once armed with these
equations understanding and designing your
current loop becomes very simple. You don’t
need to be familiar with any of the more
complex analysis techniques to get the full
benefits of the extended model.

All of the analysis results presented here are
incorporated in the Power 4-5-6 design
software. This software makes it easy for you
to use the latest and most accurate models for
your power converter design and control.

Methods of implementing the compensating
ramp in your circuit are also discussed. The
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usual methods suggested by the control IC
manufacturers are not recommended for
rugged and predictable operation.

I1. Basic Current-Source Dynamics

The basic concept of current mode control is
shown in Fig. 1.
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Mod — Ts fo—
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Fig. 1 - Peak current-mode control circuit.
Instead of using just a sawtooth ramp to
control the duty cycle of the converter, a

signal proportional to the inductor current is
summed with a sawtooth ramp. In some
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cases, the sawtooth ramp is omitted
completely, and the error voltage signal, V_,

controls the peak value of the inductor
current.

We don’t usually sense the inductor current
directly — it’s often inconvenient or
inefficient to do this. Usually, the power
switch current is sensed to gather the
information about the inductor current.

Early analyses of this control assumed ideal
control of the current, and modeled the
system by viewing the inductor as a
controlled current source. This is the basis of
the widely used models presented in an early
paper [1] and Unitrode handbooks [2].

\'}0 Output

ONERE
L

A
Ve Input

Fig. 2: Simplest small-signal model — current
source feeding the load.

II1. Subharmonic Oscillation

The current-source analogy works fine under
many conditions, but with one problem: the
system can oscillate! This is of course, well
known and documented. And, we all know
retaining the sawtooth compensating ramp in
the control system eliminates the problem —
but most small-signal models don’t tell you
what this does to the control characteristics.

Fig. 3: shows the nature of the current loop
oscillation. At duty cycles approaching 50%
and beyond, the peak current is regulated at a
fixed value, but the current will oscillate back
and forth on subsequent switching cycles.
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error

Fig. 3: Subharmonic oscillation waveforms.

The situation is really very simple, as pointed
out by Holland {3] in an early paper — the
current-mode oscillation is like any other
oscillation — if it’s undamped, it will continue
to ring, and grow in amplitude under some
conditions. If it’s damped, the oscillations
decrease and die out.

The sampled-data or discrete-time analysis of
this phenomenon, required because of its high
frequency, has been with us for some time.

So why don’t most engineers use this in their
work? Because the analysis is usually too
complex. However, it has been shown [4] that
very practical results can be simplified into an
easily usable form.

IV. Sampled-Data Analysis

Early modeling combined simple average
analysis with separate explanations of how
the current signal could become unstable.
However, the small-signal model and
physical explanation for instability were
never reconciled until [4]. This paper
expanded upon earlier work [5], but found a
way to simplify the results into a more useful
format.

Other analyses have subsequently analyzed
the same issue. Many of these agree in the
way the problem is tackled and provide
supporting experimental data. Others disagree
in the methods but still come to the same
conclusions about the second-order
oscillatory system that results. They are all
consistent in the values derived.

That’s good news — we don’t need to get
hung up in conflicting sampled-data modeling
techniques, or debates about how to analyze a
system, we can use the common design
equations everyone agrees on, and get on
with the job of getting product out of the
door.
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V. Dominant Pole Models

The equivalent control system diagram for
current mode control is shown in Fig. 4. The
inductor current feedback becomes an inner
feedback loop. We are usually concerned
with the transfer function from the control
input shown to the output of the power
converter. The input is typically the input to
the duty cycle modulator, provided by the
error amplifier output.

Most designers are familiar with the fact that
the current feedback loop reduces the main
dynamic of the system to a dominant single-
pole type response. This is a result of viewing
the inductor as a controlled current source
rather than as a state of the system.

The results of existing analysis for the three
main types of converter are summarized
below.

Input Output

i
C) POWER CONVERTER R g

Current
Feedback

Control input

Fig. 4: Control system representation of
current-mode control. Current loop is
embedded in the system.

A. Buck Converter

The low-frequency model of the buck
converter, commonly used by designers, and
summarized in [2] is given by:

1+

a)z

fo(8)= K—
1+ —

@p
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The load resistor and capacitor determine the
dominant pole, as we would expect for a
current source feeding an RC network, shown
in Fig. 3.

_L
» " RC

In [4] there is a more accurate expression for
the dominant pole of the buck, involving the
external ramp and operating point of the
converter:

@

1 T
®,=——+
?»"RC LC

However, this refinement is usually
unnecessary. It only becomes important when
too steep a ramp is used, showing how the
pole can move. In most cases, the simplified
form of the dominant pole is adequate for

design purposes.
The power stage transfer function zero is

determined by the equivalent series resistance
of the capacitor:

(m,D'-0.5)

1

0, =——
R.C

This expression for the output capacitor zero
is the same for all the converters.

B. Boost Converter

The boost converter has an additional term in
the control transfer function, caused by the
right-half-plane (rhp) zero of the converter:

[1 + 2 }{1 -2 }
a)z a)zrhp

1+

@y

f,)=K

The dominant pole is located at

ool
7 RC
and the rhp zero is at
R(1-D)*
zrhp = ——_L—_
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Note that the rhp zero expression is exactly
the same as that for voltage mode control.
Using current mode does not move this at all,
although it is easier to compensate for since
we do not also have to deal with the double
pole response of the LC filter that is present
with voltage mode control.

C. Flyback Converter

The flyback converter also has a rhp zero
term in the control transfer function:

[M}[l_i}
a)z a)z rhp

1+ 5

@p

(=K

with the dominant pole determined by

_1+D
“» =k
and the rhp zero at:
_R(1- D)?
a)zrhp - T

As with the boost converter, this zero location
is the same as for voltage mode control.

VI. Measured High-Frequency Effects

To account for the observed oscillation in the
current mode system, we need to add a high-
frequency correction term to the basic power
stage transfer functions.

The converter transfer functions are modified
from the above section by

15" ®) = 1,91, (9)

Without even considering the sampled-data
type analysis, we can see what the form of the
transfer function has to be. One way it
becomes clear is to measure the control-to-
output transfer functions, while adding
different amounts of compensating ramp to
the system.

Fig. 5 shows measurements of power stage
transfer functions plotted beyond half the
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switching frequency. The characteristic at
half the switching frequency is a classic
double pole response that can be seen in any
fundamental text on bode plots and control
theory.

These curves are for a buck converter
operating at a 45% duty cycle. In the upper
curve, there is no compensating ramp added,
and there is a sharp peak in the transfer
function at half the switching frequency.

The curves below this have increasing
amounts of compensating ramp added to
them, until the bottom curve is reached and
the double poles are overdamped.

Once you make this series of measurements,
the need for the correction to the power stage
transfer function becomes obvious.

Mathematical theoreticians may argue that
measuring and predicting transfer functions
up to this frequency is of questionable
analytical merit. However, there is such a
direct correlation between the measurements
and the oscillatory behavior of the system,
that the correction term is vital for good and
practical modeling.

When the system transfer function peaks with
a high Q, the inductor current oscillates back
and forth, as shown in Fig. 6. When the
transfer function is well damped, the inductor
current behaves, returning quickly to
equilibrium after an initial disturbance.

Including this high frequency extension in the

model is a very practical and powerful tool —
it has real meaning to the designer.
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Fig. 5: Power stage transfer functions plotted
up to the switching frequency. Notice the
obvious double-pole characteristic centered
at half the switching frequency.

Fig. 6: Inductor current oscillation
waveforms. Waveforms correspond to a Q of
7.6, 5.6, 2.3 and 0.7.

VIIL. Analytical Results

The qualitative understanding of the double
poles is obvious. Quantitative analysis via
sampled-data, or other methods gives the
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simple transfer function parameters to be
used for design.

The high frequency term is a common
expression for all given by

£,(8) = L
S

1+

0,0, o

n

where the double-pole oscillation is at half
the switching frequency.

. =

n

Sl

The damping is given by
1
0, = 7(m,D'-0.5)

The compensation ramp factor is given by

s
m,=1+-—+%
Sn

where the compensating ramp slope, se, is
V

_rp
e
T

s

S

and the slope of the sensed current waveform
into the PWM controller is

s, = Von R,
L

R; is the gain from the inductor current to the
sensed voltage fed into the control PWM, and
V., is the voltage across the inductor when
the switch is on. For a simple nonisolated
converter with resistive sensing, R, is the
value of the sense resistor.

These equations are useful for anyone
wanting to model their converter and predict
its response. They will give much more

accurate results than simple single-pole
models.

For those not interested in modeling, who
don’t have time and just need to get on with
building a converter, the equations give you
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the information you need for design, as
explained in the next section.

VIII. How Much Ramp?

So what do you need to do with this
information? The answer is simple — make
sure your current loop won’t oscillate. Or, in
small-signal analysis terms, make sure the Q
of the double pole is one or less. And how do
you do this? Just by adding a compensating
ramp, as all previous papers advise.

How much ramp do you add? Well, going by
the small-signal theory, we just set the Q of
the double poles to one, and solve the
resulting system. Most early publications
express the amount of ramp added in terms of

the off-time ramp slope, S .. If we solve the

equation for ), in the same terms, the result
is:

Ze 122
Ly D
This is not quite the same as other
suggestions. Some publications recommend
adding as much ramp as the downslope. This
is more than is needed, overdamping the
system.

Others suggest adding half as much ramp as
the downslope of the inductor current. For the
buck converter, in theory, this cancels all
perturbations from input to output. In
practice, this nulling is never achieved
completely, a small amount of noise makes it
impossible.

Another question is when should you start
adding a ramp to a system? Earlier simplistic
analysis says that no ramp is needed until you
reach a 50% duty cycle. There is something
troubling about this. A power supply is an
analog circuit. It would be a little strange if it
were fine at 49.9% duty cycle, and unstable at
50.1%. The analog world just does not
behave that way. In the real world, you often
need to start adding a compensation ramp
well before a 50% duty cycle is reached.
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The design equation above continues to add
ramp down to an 18% duty cycle in order to

keep the ), of the current-mode double pole

equal to 1. This is probably overly
conservative — a more practical value for
starting to add a compensating ramp is at
D=36%.

IX. Instability at Less Than 50% Duty

Many publications, especially those from the
manufacturers of control chips, explicitly tell
you that you don’t need to use a
compensating ramp in the circuit at duty
cycles less than 50%. This conflicts with the
suggestions given above.

So what should you do? There are some
special circuit conditions that cause this
seeming contradiction in analysis results.

First, remember that the current loop
oscillation is only a problem with continuous
conduction operation (CCM) near or above
50% duty cycle. Many converters are
operated in discontinuous conduction mode
(DCM), especially flyback converters that are
the most popular choice for low power
outputs.

Secondly, if you choose to use a control chip
such as the UC1842, this chip has a maximum
duty cycle capability of just under 50%. That
does not mean that the converter will ever
operate in that region — typically it will never
see more than perhaps a 40% duty cycle.
More often than not, this will not be a severe
problem.

But sometimes, with low input line, you will
operate a converter close to 50%, and you
may need to add ramp to compensate the
current loop. Consider a case of a 44% duty
cycle. The double pole peaking is determined
by
1
= =56
QP 7(0.56-10.5)

This can get you into trouble. Look at the
power stage gain (lower curve) in Fig. 7. The

peaking on this curve corresponds to a (), of
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5.6. With just the current feedback loop
closed, the system is stable — the current will
bounce back and forth, but the oscillations
eventually die down, as shown in Fig. 8.

Now consider what happens when the voltage
regulation loop is closed. With a crossover
frequency of 14 kHz (reasonable for a 110
kHz converter), the phase margin at this
initial crossover frequency is close to 90
degrees.

But the loop gain crosses over the 0 dB axis
again just before half the switching
frequency, this time with no phase margin at
all. The waveforms of Fig. 9 are the result —
severe oscillation in the current loop.

Gain (dB)
80
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40 Loop Gain
20
0
-20 Power Stage Gain
-40
60 |
10 100 1k 10k 100 k 1™
Frequency (Hz)
Phase (deg)
0
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50 Phase
-100
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-200
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-300
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Figure 7: Current mode instability at less
than 50% duty cycle. Adding compensation to
the power stage transfer function causes the
resulting loop gain to peak up and crossover
again at half the switching frequency.

Figure 8: Inductor current waveforms at
D=0.44 with only the current loop closed.
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Figure 9: Inductor current waveforms at
D=0.44, with outer feedback loop closed.
System is now unstable, as shown by the loop
gain of Fig. 7. A plot without the double pole
extension to the model does not predict this
oscillation.

This example clearly shows why the high-
frequency extension is needed to the
model. Without it, the current loop
oscillation at less than 50% duty cycle
cannot be predicted.

X. Magnetizing Ramp Addition

Some readers of this may say — “I’ve built
converters at 45% duty cycle before and
never had any problem — what’s the issue
here?” And they are quite correct. If you are
building any kind of forward converter, or
other isolated buck-derived topology, and
sensing on the primary switch side, you often
get a free ramp.

The magnetizing current of the main power
transformer contributes a signal in addition to
the reflected output inductor current, and this
works in exactly the same way as the
compensating ramp. The amount of slope
contributed by the magnetizing current is
given by

s 'e = LRI

Ly

You should always check this value when
doing your design. In most cases, the amount
of ramp that you get due to the magnetizing
current is more than enough to damp the
double pole properly. In fact, the opposite is
frequently true — the amount of ramp can
often be excessive, especially for converters
with low output ripple current, and the system
can be very overdamped. This creates
additional phase delay in the control to output
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transfer function, as can be seen in Fig. 5 in
the lowermost curve.

XI. How to Add the Ramp

A comment on ramp addition from field
experience rather than the chip
manufacturer’s viewpoint is appropriate. This
is a topic frequently dismissed as trivial, but it
is very important if you want to get the best
performance out of your current-mode
system.

Ridley Engineering has taught control design
courses, both theoretical, and hands- on for
many years [6]. In designing current-mode
control test circuits for these labs, we
observed that the predicted and measured
responses do not match well at all with
conventional schemes for adding a ramp to a
converter.

The simplest proposed method for ramp
addition is to resistively sum the clock
sawtooth signal with the sensed current signal
shown in Fig. 10. This must be done with a
high value of resistor in order not to overload
the somewhat delicate clock signal. It
provides a high-impedance, noise-susceptible
signal for use by the control comparator.

It also connects additional components to the
clock pin, and will affect the clock
waveforms.

The sensitivity of the clock pin cannot be
stressed enough. The Unitrode application
notes tell you to put the timing capacitor
close to the chip, but they do not emphasize
this as much as perhaps they should. The
timing capacitor is the most crucial
component in the control circuit, and it
should be placed first during layout, as
physically close to the pins of the control chip
as can be achieved.
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Figure 10: Resistive summing of the timing
ramp and current signal for ramp addition.
This circuit is NOT recommended. The clock
signal is very sensitive to loading and noise,
and can lead to power supply failure if it is
corrupted.

If you don’t do this, the results can be
catastrophic. On one low-power off line
converter, the timing capacitor was placed %4”
away from the pins, without a ground plane.
When the converter was started up, the clock
signal picked up switching noise, and briefly
ran at 1 MHz instead of the desired 100 kHz.
The resulting stress on the power switch was
sufficient to cause failure. Moving the
capacitor closer to the IC pins cured the
problem.

Given this level of sensitivity, it is a good
idea not to use the clock signal for anything
except its intended purpose. Any additional
components connected to the timing capacitor
introduce the potential for noise into that
node of the circuit. Even the buffered clock
signal technique, shown in Fig. 11, can cause
problems.
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Figure 11: Buffered signal adding the timing
ramp and current signal for ramp
addition.This allows a lower summing
resistor and better noise immunity. However,
it is still not recommended to load the clock,
even with a transistor.

An alternative approach to generating the
ramp signal for current-mode compensation is
shown in Fig. 12. This method uses the
output drive signal, loaded with an RC
network, to generate a compensation ramp to
sum with the current mode signal.
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Figure 12: The best way to generate the
compensation ramp is independently from the
clock signal. The output gate drive signal
provides a convenient way to do this.
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XII. Conclusions

A simple extension to the common single-
pole models can greatly enhance the accuracy
and usefulness of current-mode control
modeling. This allows you to design your
power supply for peak performance.

Simple equations help you to select the
proper ramp for compensating the current
feedback loop, and to predict the correct
control-to-output voltage transfer function.
These equations show how a current-mode
power supply can sometimes go unstable -
even at duty cycles less than 50%.

Correlation between measured transfer
functions, up to half the switching frequency,
and observed circuit oscillations or jitter are
very good.

Actual circuit implementation of the
compensating ramp should be done very
carefully. The clock signal should not be used
for this function if you want to design the
most rugged and reliable power supply.

Generating a low-noise compensating ramp
will also provide a power supply with
measurements that closely agree with
predictions. This is a crucial factor in many
industries, such as aerospace, where the
customer expects delivered product and
accurate circuit models.

Ray Ridley has specialized in the modeling,
design, analysis, and measurement of
switching power supplies for over 20 years.
He has designed many power converters that
have been placed in successful commercial
production. In addition he has consulted both
on the design of power converters and on the
engineering processes required for successful
power converter designs.

Ridley Engineering, Inc. is a recognized
industry leader in switching power supply
design, and is the only company today
offering a combination of the most advanced
application theory, design software, design
hardware, training courses, and in-depth
modeling of power systems.
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