
t is well known that the switching ripple informa-

tion is lost in a linearized average model of a PWM

converter. In this work it is shown that the switch-

ing ripple component of any state in a PWM dc-to-dc

converter operating in continuous conduction mode can

be recovered with remarkable accuracy from the lin-

earized, average, small-signal model of the converter by

replacing the duty-ratio control signal, d , with the ac

component of the switching PWM drive signal,s(t) -

D, in the control-to-state transfer function. The theorem

is very useful for estimating the peak-to-peak ripple in

any state of a converter and is used here to determine,

for the first time, the actual ripple in the zero-ripple,

coupled Cuk converter as a function of the load.
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The determination of the steady-state ripple current in an
inductor in a dc-to-dc converter is a fairly simple task that is
easily accomplished by balancing the flux in the inductor
while ignoring at first the ripple voltage across the
capacitor(s). Later, the ripple voltage across a capacitor
is determined assuming the entire ripple current is
absorbed by the capacitor. 

When this simplistic approach is applied to converters with
coupled inductors, such as the Cuk [1] converter or any of its
derivatives, the ripple current in the inductor is shown to van-
ish when the coupling coefficient of the two inductors is set
equal to their turns ratio. Such converters have been referred
to as zero-ripple converters even though, when ideal compo-
nents are used, the ripple current does not vanish. 

The determination of the ripple current in such converters
under zero-ripple condition has not been presented before and
has sometimes been mistakenly attributed to non-ideal com-
ponents. In this paper, it is observed that there is an interest-
ing relationship between the ripple component of a voltage or
current in a PWM converter, operating in continuous conduc-
tion mode, and the small-signal transfer function relating the

duty-ratio control signal, d, to that voltage or current. 

Because of its generality, this observation is formulated in
terms of a theorem and two corollaries. A simple proof, using
the model of the PWM switch, is given. The theorem is par-
ticularly useful for analytically determining the peak-to-peak
value of a ripple voltage or current and is easy to implement
in circuit simulation programs. 

AA  RRIIPPPPLLEE  TTHHEEOORREEMM
Some definitions are reviewed before presenting the theorem.

The steady-state (non-modulated) switching signal,s(t),is
the normalized drive signal applied to the gate of the active
switch and is shown in Fig. 1a. The steady-state duty-ratio,

D, is the dc component of s(t), and p(t) is the ac compo-

nent of s(t), which is shown in Fig. 1b and defined as:

(1)

When the switching drive signal is modulated, a low-frequen-
cy sideband accompanies the duty-ratio, D, which, in the lit-
erature of small-signal analysis, is commonly known as the

control signal, d . 

Although any one of the well-known analytical methods for
determining the small-signal characteristics of a dc-to-dc
converter can be used to prove the theorem, we shall use
the technique of the PWM switch model [2] because
of its simplicity. 

Proof: In all PWM dc-to-dc converters with two switched
states, the voltage across the inductor and the ripple current
through it have the shape shown in Fig. 2 in which the volt-
ages V1 and V2 are related to the input and output voltages of
the converter and satisfy the condition:

(2)

The effective circuit that generates the voltage and current in
Fig. 2 can be configured using the PWM switch as shown in
Fig. 3. In this figure we see that the dc voltage between the
active and passive terminals is given by:

(3)

To obtain the small-signal equivalent circuit of the circuit in
Fig. 3, we set V1 = V2 = 0 and replace the PWM switch with
its small-signal equivalent circuit as shown in Fig. 4. 

Now, if we replace in this figure  d with p(t) , the voltage
across the inductor will be given by:

in which we have made use of Eqs. (3)
and (4). Hence the small-signal model

in Fig. 4, with d replaced byp(t) ,
generates the correct switching voltage
waveform across the inductor and
hence the correct ripple current
through it. This concludes the proof.

Theorem: The steady-state ripple current in the switched inductor(s)

in a PWM dc-to-dc converter operating in continuous conduction mode can
be obtained from the average, small-signal, control-to-inductor transfer

function by replacing the duty-ratio control signal, d , with the ac compo-

nent of the steady-state switching signal,p(t) = s(t) - D . 

Figure 1: a) The switching signal and b) its ac component.

(4)
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Figure 2: The voltage across a switched inductor and the
current through it.

Figure 3: The effective circuit of a switched inductor using the
PWM switch.

Figure 4: The small-signal equivalent circuit of the circuit in Fig.
3 using the small-signal model of the PWM.
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The remaining ripple components in a converter are derived
either directly from the inductor ripple current (as in the
case of the ripple voltage of the capacitor in the output fil-
ter of a buck converter), or indirectly from the ac compo-
nent of the active terminal current (as in the case of the rip-
ple voltage of the capacitor in the input filter of the buck
converter), or from the ac component of the passive termi-
nal current (as in the ripple voltage of the capacitor in the
output filter of a boost or a buck boost converter). Hence,
we compare next the active terminal current in the small-
signal model in Fig. 4 and the actual circuit model in Fig.
3 in order to assess the accuracy of the switching
currents obtained form the small-signal model. 

From the small-signal model in Fig. 4, we see that Ia(t) is
given by:

(5a,b) 

in which we have used Ic = IL. The actual Ia(t) from the
switching circuit in Fig. 3 is given by:

(6a,b)

These two currents are sketched in Figs. 5a, b and c for
three different cases of the conduction parameter, K, which
correspond to heavy, critical load and no load conditions. 

Figure 5: Comparison of the active terminal current from the
actual and small-signal models in a) heavy load b) critical load
and c) no load.
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The conduction parameter is defined as:

(7)

When synchronous rectification is not used, the critical value
of K = 1 corresponds to boundary between continuous and
discontinuous conduction modes. 

It can be easily deduced from Figs. 5a, b and c that when K
>> 1, the actual and small models predict nearly the same
switching current waveforms so that the ripple voltage
induced on the capacitors which absorb these switching cur-
rents must be nearly identical in both models. When K<1
however, we do not expect the shape of the induced ripple
voltages in the two models to be the same, but we expect that
the peak-to-peak ripple in both models to be very close
because the average value of the active and passive terminal
currents in each sub-interval is the same in both models. We
can now state the following two corollaries.

Often, it is the peak-to-peak ripple and not its exact shape
that is of interest to a designer. Hence, regardless of the value
of K, the peak-to-peak ripple can be obtained to a very good
approximation from the magnitude response of Gxd (s) to the

fundamental component of  p(t) which is given by:

(10)

RRIIPPPPLLEE  AANNAALLYYSSIISS  OOFF  TTHHEE  ZZEERROO--RRIIPPPPLLEE,,  
CCOOUUPPLLEEDD  CCUUKK  CCOONNVVEERRTTEERR
The ripple theorem is now applied to the coupled Cuk con-
verter [2], with a synchronous rectifier, shown in Fig. 6. The
current ripple steering properties of this converter from the
output inductor to the input inductor and vice-versa as a func-
tion of the coupling coefficient are well known. For the con-
verter in Fig. 6, the triangular ripple current in the output
inductor can be steered to the input inductor by letting n = k
which is known as the zero-ripple condition. Although in
comparison to the uncoupled case the ripple current in the
output inductor under zero-ripple conditions is far less, it is
not zero. We shall now determine, for the first time since the
introduction of this converter, the actual output ripple current
and ripple voltage when the zero-ripple condition is satisfied. 

The small-signal model of the Cuk converter using the model
of the PWM switch is shown in Fig. 7 in which the parame-
ters of the PWM switch are defined as:

Before analyzing the small-signal circuit using the ripple the-
orem, a simulation is performed of the circuits in Figs. 6 and
7 as shown in Figs. 8a-c. The actual converter is simulated in
Fig. 8a in which:

(13)

Corollary 1: For values of the conduction
parameter greater than unity, the ripple compo-
nent of any state in a PWM converter can be
calculated from the small-signal control-to-state
transfer function, Gxd (s), according to:

(8)

in
which:

(9a,b)

Corollary 2: The peak-to-peak value of the rip-
ple component in a state can be obtained, to a
very good approximation, from the magnitude
response of the control-to-state transfer function
evaluated at the switching frequency, Fs ,
according to:

(11)
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(12 a-g)

Figure 6: The coupled Cuk converter.
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The gates of M1 and M2 are driven with a 5V, PWM wave-
form which result in an on-resistance of 150m� for each of
the MOSFETs:

(14)
The small-signal equivalent circuit in Fig. 7 is simulated in
Fig. 8b in which the sub-circuit U1=VMSSCCM is the small-
signal model of the PWM switch in continuous conduction
mode available from the ORCAD/Pspice library called
swit_rav. The numerical values of the small-signal parameters
of the PWM switch in Eqs. (12) which are supplied to
VMSSCCM are shown in Fig. 8b where 
RSW = rt = RdsON and RD = rd = RdsON . 
The voltage applied to terminal Vc is converted to the duty-

ratio control signal, d , by the Ramp parameter according to:

(15)

The default value of the Ramp is 1V. The PWM switching

function,s(t), and the gate-drive voltage generating circuit is
shown in Fig. 8c. The ac component of the PWM switching

function s(t) - D, is obtained at the output of the high-pass
filter formed by Cx and Rx in Fig. 8b.

The results of the simulation for heavy load (R_load = 5�)
are shown in Figs. 9 and 10.  The agreement between the
small-signal model and the actual circuit is seen to be excel-
lent for the input and output ripple currents as well as for the
ripple voltages across both capacitors. It can also be seen that
the output ripple current and the output ripple voltage are
both non-zero even though the zero-ripple condition is satis-
fied. The results of the simulation for light load (R_load =
500�) are shown in Figs. 11 and 12. 

The agreement between the small-signal model and the actu-
al circuit is seen to be fairly good especially if one is inter-
ested in determining the value of the peak-to-peak ripple.
The cause of discrepancy in the small-signal result for the
ripple voltage across Cc owes to the inability of the small-
signal model to capture accurately the active and passive ter-
minal currents when K < 1  as explained earlier in connec-
tion with Fig. 5. The excellent agreement in Fig. 11 in the
input ripple current predicted by the small-signal and the
actual models owes to the fact that the input ripple current,
under zero-ripple conditions, mostly consists of the com-
mon-terminal current which is captured very accurately by
the small-signal model. Not withstanding these dis-
crepancies, the usefulness of the small-signal results
can clearly be appreciated.

Figure 7: The small-signal equivalent circuit model of the Cuk
converter using the model of the PWM switch
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Figure 8: (a) The coupled Cuk converter, (b) the small-signal
equivalent circuit model using the model of the PWM switch
(VMSSCCM from the Pspice library swit_rav) and (c) the switch-

ing functions,p(t) and 1 - p(t) , and gate-drive signal generators
E_D and E_Dp.
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Figure 9: Comparison of the input ripple current (a) and the out-
put ripple current (b) obtained by the theorem and the actual cir-
cuit in the coupled Cuk converter in Fig. 8 under heavy load condi-
tions (Rload = 5��) and under zero-ripple conditions. 

Figure 10: Comparison of the ripple voltage across Cc (a) and the
output ripple voltage across C1 (b) obtained by the theorem and the
actual circuit in the coupled Cuk converter in Fig. under heavy
load conditions (Rload = 5��) and under zero-ripple conditions. 
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Figure 11: Comparison of the input ripple current (a) and the out-
put ripple current (b) obtained by the theorem and the actual cir-
cuit in the coupled Cuk converter in Figs. 6 and 8a under very
light load (Rload = 500��) and zero-ripple conditions. 

Figure 12: Comparison of the ripple voltage across Cc (a) and the
output ripple voltage across C1 (b) obtained by the theorem and
the actual circuit in the coupled Cuk converter in Figs. 6 and 8a
under very light load (Rload = 500��) and zero-ripple conditions. 
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An analytical expression of the peak-to-peak output ripple
voltage is obtained next from the control-to-output transfer
function for heavy and light load operation under zero-ripple
condition. We shall ignore the parasitic elements and deduce
the control-to-output transfer function under zero-ripple con-
dition from the results given in [3] for the isolated Cuk con-
verter. Thus we have from [3]:

(16) 

in which:

(17a-e)

To evaluate the peak-to-peak ripple voltage, we do not need
the complete transfer in Eq. (16). All we need to know is its
behavior near the vicinity of the switching frequency. Using
the numerical values of the converter, we can easily see that
the denominator in Eq. (16) can be approximated by its last
term in the vicinity of the switching frequency:

(18)

The numerator in Eq. (16) is a function of the load so that we
must evaluate it to determine the relative position of the zero
with respect to the switching frequency:

Hence, under heavy load conditions, we see in Eq. (19a) that
the RHP zero is less than the switching frequency so that the
control-to-output transfer function can be approximated as:

(20)

Under very light load conditions we see in Eq. (19b) that the
RHP zero is further away from the switching frequency so

that in this case the control-to-output transfer function can be
approximated as:

(21)

The peak-to-peak output ripple voltage according to Eq. (11)
is given by: (22)

Inserting the numerical values used in the simulation in Fig. 8
we obtain:

(23)

These results compare well with those obtained from the sim-
ulation in Figs. 10b and 12b. 

RRIIPPPPLLEE  AANNAALLYYSSIISS  OOFF  TTHHEE  BBUUCCKK--BBOOOOSSTT
CCOONNVVEERRTTEERR  WWIITTHH  AANN  IINNPPUUTT  FFIILLTTEERR
The ripple theorem is now applied to the buck-boost convert-
er with an input filter shown in Fig. 13a. The small-signal
equivalent circuit and the gate-drive circuit are shown in Figs.
13b and c respectively. The ripple waveforms obtained from
the actual circuit are compared with those obtained from the
small-signal equivalent in Figs. 14-17.

Two values of gate drive voltages are used in the actual cir-
cuit in this example. Since under light or no load conditions,
the current spikes in the switches become significant in com-
parison to the ripple current, the gate-drive voltage is set to
the low value of 5.5V which corresponds to an 
rDS_on = 125m� for the IRF150. Under heavy load condi-
tions, when K > 1, the gate-drive voltage is set to 8.5V which
corresponds to an  rDS_on = 60m�.

The ripple current in the inductor is shown in Fig. 14 under
no load and full load conditions (15�). The agreement
between the theorem and the actual waveforms is seen to be
excellent. The input ripple voltage across Cin is shown in Fig.
15. As expected, because of the shape of the active terminal
current at no load conditions, the two ripple waveforms at no
load in Fig. 15a do not have the same shape but their peak-to-
peak values are quite close (within 4%).  The agreement is
excellent however at heavy load (R = 15�) as seen in Fig.
15b. In the same vein, the ripple current in the input filter
inductor is compared in Figs. 16a and b. 

(19a,b)
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The output voltage ripple is shown in Figs. 17a,b and c for
three different values of load resistance: R = infinite, R =
100� and R = 15�. The peak-to-peak values predicted by the
theorem are in excellent agreement with those obtained from
the actual circuit. The agreement in the shape of the ripple
waveform improves once the load current is above the point
where K = 1. 

An important feature of the output ripple voltage in the buck-
boost, or the boost converter, is that as the load current
decreases, the output voltage ripple acquires a quadratic com-
ponent. The ripple theorem clearly explains this effect in
terms of the movement of the right-half-plane zero in the
control-to-output transfer function as a function of the load
current. To show this, we write the control-to-output transfer
function for a simple buck-boost converter without an input filter:

(24)
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Figure 13: a) The buck boost converter with an input filter b) The
small-signal equivalent circuit model and c) the gate-drive circuit.

Figure 14: The inductor current at no load and R = 15W 

Figure 15: Input ripple voltage of the buck-boost converter a) no
load and (b) R= 15��.

Figure 16: Input ripple current of the buck boost converter at a)
no load and b) R = 15��

Ripple Theorem



In the vicinity of the switching frequency, Gdo (s) can be
approximated as follows:

(25)

which in turn can be approximated for K > 1  and K = 0 (no
load) as follows: (26a,b)

Hence, according to Eqs. (8) and (26a,b), the ripple is propor-

tional to the integral of  p(t) under load conditions corre-

sponding to K > 1  and to the double integral of  p(t) (quad-
ratic) under no load or very light load conditions. It follows
that the peak-to-peak output ripple voltage is given by:

(27a,b)

in which:

(28)

The numerical values obtained from Eqs. (27a,b) are in excel-
lent agreement with the values shown in Figs. 17a and c.

CCOONNCCLLUUSSIIOONN
For PWM dc-to-dc converters operating in continuous con-
duction mode, a simple relationship has been uncovered
between the steady-state ripple component of a state and the
average, small-signal transfer function relating the duty-ratio
control signal to that state. It is shown that when the duty-
ratio control signal is replaced with the ac component of the
PWM switching signal in any control-to-state transfer func-
tion, the steady-state ripple in that state is obtained to an
excellent approximation. Since the ripple occurs at the
switching frequency, it is the high-frequency behavior of the
control-to-state transfer function that is closely related to the
ripple component. Hence, for a given switching frequency,
the attenuation in the ripple component of a state comes at the
cost of either a low bandwidth or a high-order roll-off in the
control-to-state transfer function. The theorem is also impor-
tant to the theory of synthesis of PWM dc-to-dc converters in
that it shows it is not possible to have a zero-ripple converter
unless the control-to-(ripple)state transfer function vanishes. 
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Figure 17: Output voltage ripple of the buck-boost converter for
three different load conditions: a) no load, b) R = 100�� and c) R =
15��.

A version of this paper was originally published at the 
IEEE Power Electronics Specialists' Conference,
June 21-24, 2004, Aachen, Germany, pp 28-35. 

Ripple Theorem



1

Frequency Response Analyzers

Ridley Webinar 
Series

Complete Vorperian 
Lecture Notes

Power Supply Design Software

http://www.ridleyengineering.com/
http://ridleyengineering.com/software-ridley/ridleyworks/ridleyworks-software.html
http://ridleyengineering.com/hardware/ap-ridleybox.html
http://ridleyengineering.com/hardware/ap-ridleybox.html
https://ridleyengineering.com/design-center-ridley-engineering.html
https://ridleyengineering.com/design-center-ridley-engineering.html
https://ridleyengineering.com/design-center-ridley-engineering.html
https://ridleyengineering.com/design-center-ridley-engineering.html
https://ridleyengineering.com/design-center-ridley-engineering.html
https://ridleyengineering.com/design-center-ridley-engineering.html
https://ridleyengineering.com/design-center-ridley-engineering.html
https://powerdesignworkshops.com/


2

http://www.ridleyengineering.com/
https://ridleybox.com/
https://ridleybox.com/



